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INTRODUCTION

One of the most common effective theories of
quantum chromodynamics is the Nambu–Jona–Las�
inio (NJL) model [1]. It can explain many of the prop�
erties of quarks and light mesons based on the mecha�
nism of dynamical chiral symmetry breaking and the
formation of chiral and pion condensates under.

In the study of physical phenomena in the frame�
work of the NJL model it is assumed, as a rule, that
vacuum condensates are homogeneous and isotropic
in space. This assumption, however, cannot be justi�
fied for medium and high densities of matter and cou�
pling constants [2]. The possibility of forming static
coherent density waves of quarks–antiquarks and pion
condensates (Dual�chiral density waves) [3] of the
form

(1)

where Δ is the amplitude of the condensate, q is a fixed

wave vector, τi are Pauli matrices, while  +

 = Δ2 at any point in space has been consid�
ered in the literature. It has been shown that a density
wave in a quark medium can be formed at low temper�
atures in the transition region between the massive and
massless phases of the NJL model. The behavior in
external fields, however, has not been investigated.
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In this paper we consider the possibility of a config�
uration of condensates of this type in the presence of
an external magnetic field.

1. PHYSICAL MODEL

We will explore the model used in [3], given Nf = 2
varieties of quarks (u and d) with zero current mass
and Nc = 3 colors. For the configuration of vacuum
condensates (1) the NJL Lagrangian in the mean field
approximation has the form:

(2)

where m = –2GΔ, G is the coupling constant, μ is the
chemical potential, D = ∂ + iQeA, Q is the operator of
the electric charge (with eigenvalues Qu = 2/3 and
Qd = –1/3), A is the potential of the electromagnetic
field, and e > 0. We assume that the wave vector q and
the magnetic field vector H are directed along one
axis, the z�axis.

It is easy to see that the transformation of the fields

ψ  ψ,   , where b = q/2, qμ ≡
(0, q), xμ ≡ (t, r) leads (2) to the form:

(3)

where the measure of the path integral � �ψ
remains invariant, which is easy to verify using the
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method of Fujikawa [4]. The term γ5τ3γbψ in (3)
represents the background CPT�odd axial�vector
interaction of fermions.

EFFECTIVE ACTION

It is easy to see that the theory described by the
Lagrangian (3) in the single�loop approximation of
the problem is formally reduced to finding an effective
action for one electron (with the corresponding
replacement of the electric charge of the particle e on
|Qu |e and |Qd |e; in this case we consider a negatively
charged particle):

(4)

(5)

where HD = αP + γ0m – Σ3b is a modified Dirac
Hamiltonian and P = p + eA; here and in the following
bμ = (0, 0, 0, b), H = (0, 0, H), H > 0. To calculate the
expression (5) we need the eigenfunctions and the
spectrum of the Hamiltonian HD.

Let A = (0, Hx, 0). Since [Σ3, (αP)2] = 0, the eigen�
functions HD have a standard form (see [5]):

where un(ξ) are Hermite functions and ξ = x +

, {ci} are spin coefficients. For each fixed n > 0,

we have the eigenvalue problem for the matrix K (4 × 4)
and column {ci}, where

We perform an unitary transformation:  = U–1KU,

where U = , then

The matrix  corresponds to the problem of
motion of an electron with anomalous magnetic moment

; the solutions of this problem are known [6]
1
. The

1 Note that the form of spin coefficients does not depend on the
choice of the gauge potential A.
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case n = 0, however, requires special consideration in
an explicit form; this can be easily done.

The final expression for the spectrum has the form:

(6)

where n = 0, 1, …, –∞ < p < ∞, ζ = ±1 and � = ±1. For
n = 0, the spin quantum number ζ is not part of the
spectrum, in addition, there is always the degeneracy
in q (–∞ < p < ∞). Note that the asymmetry of the
spectrum of particles and antiparticles at n = 0 is
related to the CPT odd of the interaction considered
and the existence of a preferred direction H.

Knowing the explicit form of wave functions, we
can find the perturbation correction to the energy
ΔE⊥, due to the deviation of b from the direction H.
Let b = (b⊥, 0, b). Omitting the intermediate calcula�
tions, we present the corresponding asymptotic
expression (constructed with account for possible
intersection of the near unperturbed levels):

where

and we introduce the notation: E ≡ Enpζ�, E ' ≡ En'p'ζ'�';
the function sgn±(x) returns the sign of its argument for
x ≠ 0 and is subject to the condition sgn±(0) = ±1. Its
use is explained by the fact that we want to save the
meaning of a small correction to the initial energy level
E with a certain set of introduced quantum numbers
npζ� (at least away from the intersection points of the
unperturbed levels) for ΔE⊥.

After introducing the normalization 4�volume
LtLxLyLz we can now calculate (5):
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In the last expression (n) denotes the set of all
quantum numbers and

as q = –x0eH, where x0 is the coordinate of the center
of the wave function Ψ on the x axis. To obtain the
thermodynamic potential of the system at finite tem�
perature T, we apply the technique of Matsubara [7]:

while p4  ωk = 2π/β(k + 1/2), where β = 1/T; the
sum over k can be derived analytically.

Finally,  for  the  thermodynamic  potential  Ω =

– , we obtain:

(7)

(8)

Expression (8) contains a divergent vacuum contri�
bution (corresponding to μ = 0, T = 0). For its regu�
larization, we use the proper time method [8]:
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where Λ is the dimensional cutoff parameter. It should
be noted that despite the finiteness of the expression of

 – Ωv, its explicit calculation (as the difference
between the divergent objects) also requires the intro�
duction of intermediate regularization to obtain the
correct answer in the absence of symmetry between
the spectra of particles and antiparticles. In particular,
it is possible to introduce the cutoff factor θ(Λ' – |E |),
where Λ' > Λ.

3. THE STATE DIAGRAM

To study phase transitions in the system, a numeri�
cal investigation of the potential (7) on the minimum
relatively independent parameters m and b for differ�
ent values of the chemical potential μ and the external
magnetic field H at T = 0 was conducted. The mini�
mum was checked for stability relative to small devia�
tions of b from the direction H. During the calcula�
tions, we used the size of the cutoff parameter Λ val�
ues, and we denote them by the same symbols as in the
original. The maximum value of the relative error was
given at 10–3, absolute 10–8.

The dependence of b on the external conditions for
G = 6 is shown in Fig. 1. The phase diagram for this
case is shown in Fig. 2. When H  0 our result con�
tinuously transits to the result obtained in [3]. When
H > 0, a modification of the characteristic structure of
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Fig. 1. Dependence of the parameter b on the chemical

potential µ at G = 6 and T = 0 for  = 0.15 (I),  =

0.3 (II) and  = 0.45 (III) (all quantities are dimen�
sionless). In graph I, a site with b = 0, which corresponds
to the symmetric phase with m = 0, was observed.
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inhomogeneity occurs at H  0.
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the phases
2
 for the NJL model in a magnetic field is

observed (for details of the latest examples, see, for
example, [9]). Spatially inhomogeneous condensate
configurations (for which b ≠ 0) are produced every�
where in the massive phase areas B and C (except for
the case where μ = 0), while the parameter b increases
gradually with increases of the magnetic field; this also
contributes to the further development of a new (dis�
covered in [3]) D phase with strong spatial condensate
inhomogeneity at H  0 (in the B and C phases this
heterogeneity is absent at H = 0). The symmetric
massless phase A is limited by the D phase at large val�
ues of H.

CONCLUSIONS

Based on the results in this paper, we can discuss
the magnetic catalysis of the formation of spatially
inhomogeneous configurations of condensates in the
framework of the NJL model. It is easy to establish
that this phenomenon owes its existence to a feature in
the spectrum (6) for n = 0, namely, symmetry breaking
between the spectra of fermions and antifermions. The
removal of terms with n = 0 from (8) in numerical cal�
culations leads to the disappearance of the effect. As
noted in [3], the linear growth of the parameter b with

increasing chemical potential μ is typical for one�
dimensional systems; this is consistent with the fact
that, as is known, the motion of fermions in a strong
external magnetic field has an effectively one�dimen�
sional character.
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