PHYSICAL REVIEW D 80, 125013 (2009)

Properties of the massive Gross-Neveu model with nonzero baryon
and isospin chemical potentials

D. Ebert' and K. G. Klimenko?

'Institute of Physics, Humboldt-University Berlin, 12489 Berlin, Germany
*IHEP and University of Dubna (Protvino branch), 142281 Protvino, Moscow Region, Russia
(Received 16 February 2009; revised manuscript received 21 October 2009; published 11 December 2009)

The properties of the two-flavored Gross-Neveu model with nonzero current quark mass are inves-
tigated in the (1 + 1)-dimensional space-time at finite isospin wu; as well as quark number w chemical
potentials and zero temperature. The consideration is performed in the limit N. — o0, i.e., in the case with
an infinite number of colored quarks. In the plane of parameters u;, w a rather rich phase structure is
found, which contains phases with and without pion condensation. We have found a great variety of one-
quark excitations of these phases, including gapless and gapped quasiparticles. Moreover, the mesonic

mass spectrum in each phase is also investigated.
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L. INTRODUCTION

During the last decade great attention was paid to the
investigation of the QCD phase diagram in terms of bar-
yonic as well as isotopic (isospin) chemical potentials.
First of all, this interest is motivated by experiments on
heavy-ion collisions, where we have to deal with dense
baryonic matter which has an evident isospin asymmetry,
i.e., different neutron and proton contents of initial ions.
Moreover, the dense hadronic/quark matter inside compact
stars is also isotopically asymmetric. Generally speaking,
one of the important QCD applications is just to describe
dense and hot baryonic matter. However, in the above-
mentioned realistic situations the density is rather small,
and weak coupling QCD analysis is not applicable. So,
different nonperturbative methods or effective theories
such as chiral effective Lagrangians and especially
Nambu-Jona-Lasinio (NJL) type models [1] are usually
employed for the consideration of the properties of dense
and hot baryonic matter under heavy-ion experimental and/
or compact star conditions, i.e., in the presence of such
external conditions as temperature and chemical poten-
tials, magnetic field, finite size effects etc. (see, e.g., the
papers [2-9] and references therein). In particular, the
color superconductivity [4,5] as well as parity violation
and charged pion condensation [10-15] phenomena of
dense quark matter were investigated in the framework of
these QCD-like effective models.

It is necessary to note that an effective description of
QCD in terms of NJL models, i.e., through an employment
of four-fermion theories in (3 + 1)-dimensional space-
time, is usually valid only at rather low energies and
densities. Besides, at present time there is the consensus
that another class of theories, the set of (1 + 1)-
dimensional Gross-Neveu (GN) type models [16,17], can
also be used for a reasonable qualitative consideration of
the QCD properties without any restrictions on the energy/
density values, which is in an encouraging contrast with
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NJL models. Indeed, the GN-type models are renormaliz-
able; the asymptotic freedom and spontaneous chiral sym-
metry breaking are other properties inherent both for QCD
and GN theories, etc. In addition, the & — T phase diagram
is qualitatively the same in the QCD and GN model [18—
22] (here w is the quark number chemical potential and T
is the temperature). Note also that GN-type models are
suitable for the description of physics in quasi one-
dimensional condensed matter systems like polyacetylene
[23]. Thus, due to the relative simplicity of GN models in
the leading order of the large N.-expansion (N, is the
number of colored quarks), their usage is convenient for
the application of nonperturbative methods in quantum
field theory [24].

Before investigating different physical effects relevant
to a real (3 + 1)-dimensional world in the framework of
two-dimensional GN models, let us recall that there is a no-
go theorem by Mermin-Wagner-Coleman forbidding the
spontaneous breaking of continuous symmetries in two
dimensions [25]. This theorem is based on the fact that in
(1 + 1)-dimensional space-time the Green function (corre-
lator) of two scalar fields has at large distances a behavior
|x — y|~/Ne. Thus, if we take the limit |x — y| — oo first,
the correlator vanishes at finite V. and, according to the
cluster property, we formally obtain a zero vacuum expec-
tation value of the scalar field, i.e. a prohibition of sponta-
neous symmetry breaking. However, there is a way to
overcome this no-go theorem. Indeed, if the limit N, —
oo is taken first, then for |x — y| — oo we formally obtain a
nonzero vacuum expectation value for the scalar field, i.e.,
the possibility for spontaneous symmetry breaking. It
means that just the leading order of the large N, approxi-
mation supplies us in any (1 + 1)-dimensional model with
a consistent field theory in which spontaneous symmetry
breaking might occur. At present time this fact is well
understood (see, e.g., the discussion in [20-22]). This
result restricts the range of validity of the no-go theorem
to the finite N .-case only. Clearly, since the no-go theorem
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does not work in the limit N, — oo, the investigation of any
low-dimensional model in the leading order at N, — 00 is
much more physically appealing than the consideration of
the model at finite V..

By this reason, such phenomena of dense QCD as color
superconductivity (spontaneous breaking of the color sym-
metry) or charged pion condensation (spontaneous break-
ing of the continuous isospin symmetry) might be
simulated in terms of simpler (1 + 1)-dimensional GN-
type models in the leading order of the large N, approxi-
mation (see, e.g., [21,26], correspondingly).

In our previous paper [26] the phase diagram of the
(1 + 1)-dimensional GN model with two massless quark
flavors was investigated under the constraint that quark
matter occupies a finite space volume (see also the relevant
papers [27]). In particular, the charged pion condensation
phenomenon in cold quark matter with zero baryonic
density, i.e., at u = 0, but nonzero isotopic density, i.e.,
with nonzero isospin chemical potential w;, was studied
there in the large N .-limit. In contrast, in the present paper
we consider, in the leading order of the 1/N_ -expansion,
the phase portrait of the above-mentioned massive GN
model in a more general case, where, for simplicity, the
temperature is taken to be zero, but both isospin and quark
number chemical potentials are nonzero, i.e., u; # 0 and
m # 0, and the space-time is considered to have the usual
topology, R' X R'. Our consideration is based on the case
of homogeneous condensates (an extension to inhomoge-
neous condensates in the case of u; = 0 was recently
considered in [22,28]). We suppose that these investiga-
tions will shed some new light on the physics of cold dense
and isotopically asymmetric quark matter which might
exist in compact stars, where baryon density is obviously
nonzero (i.e., u # 0).

The paper is organized as follows. In Secs. II and III the
effective action and thermodynamic potential of the two-
flavored massive Gross-Neveu model are obtained in the
presence of a quark number as well as isotopic chemical
potentials. In Sec. IV the phase structure of the model is
investigated both in different particular cases (u # 0,
p; = 0 etc.) and in the general case of u # 0, u; # 0. It
turns out that at w; # 0 and rather small values of w, the
gapped pion condensed phase (PC) occurs. However, at
larger values of u several normal dense quark matter
phases (without PC) are found to exist with different
quasiparticle excitation properties of their ground states.
In Sec. V the meson mass spectrum of each phase is
discussed. Some technical details concerning the effective
action and quark propagator are relegated to two
Appendices.

II. THE MODEL AND ITS EFFECTIVE ACTION

We consider a (1 + 1)-dimensional model which de-
scribes dense quark matter with two massive quark flavors
(u and d quarks). Its Lagrangian has the form
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where the quark field g(x) = g,,(x) is a flavor doublet (i =
1,2 0ori = u, d)and color N.-plet (« = 1, ..., N,) as well
as a two-component Dirac spinor (the summation in (1)
over flavor, color, and spinor indices is implied); 7 (k = 1,
2, 3) are Pauli matrices; the quark number chemical po-
tential w in (1) is responsible for the nonzero baryonic
density of quark matter, whereas the isospin chemical
potential w; is taken into account in order to study prop-
erties of quark matter at nonzero isospin densities (in this
case the densities of u and d quarks are different).
Evidently, the model (1) is a simple generalization of the
original (1 + 1)-dimensional Gross-Neveu model [16]
with a single massless quark color N -plet to the case of
two massive quark flavors and additional chemical poten-
tials. As a result, in the case under consideration we have a
modified flavor symmetry group, which depends essen-
tially on whether the bare quark mass m, and isospin
chemical potential u; take zero or nonzero values.
Indeed, at u; = 0, my = 0 the Lagrangian (1) is invariant
under transformations from the chiral SU, (2) X SUg(2)
group. Then, at u; # 0, my = 0 this symmetry is reduced
to Uy, (1) X U, x(1), where I3 = 73/2 is the third compo-
nent of the isospin operator (here and above the subscripts
L, R mean that the corresponding group acts only on left-,
right-handed spinors, respectively). Evidently, this symme-
try can also be presented as U, (1) X Uy, (1), where U, (1)
is the isospin subgroup and U, (1) is the axial isospin
subgroup. Quarks are transformed under these subgroups
as ¢ — exp(iaty)q and g — exp(iay’13)q, respectively.
In the case mq # 0, w; = 0 the Lagrangian (1) is invariant
with respect to the SU,(2), which is a diagonal subgroup of
the chiral SU;(2) X SUg(2) group. Finally, in the most
general case with my # 0, u; # O the initial model (1) is
symmetric under the above-mentioned isospin subgroup
U,,(1). In addition, in all foregoing cases the model is color
SU(N,) invariant.

The linearized version of the Lagrangian (1), which
contains composite bosonic fields o(x) and 77,(x) (a = 1,
2, 3), has the following form:

E = C?[’)/Vla,, - my + /.L’)/O + %7'3')/0 -

) N
S R R e A A C)
From the Lagrangian (2) one gets the following constraint
equations for the bosonic fields

o) = —2]i@q); o) = —2i<qiy5raq). 3)

Obviously, the Lagrangian (2) is equivalent to the
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Lagrangian (1) when using the constraint Egs. (3).
Furthermore, it is clear that the bosonic fields (3) are
transforming under the isospin Uy (1) subgroup in the
following manner:

U,(1): o— o; T3 — T35

a, — cos(2a)m, + sin(Qa)r,;
7y — cos(2a)r, — sinQa)m, 4)

i.e., the expression (777 + 73) remains unchanged under an
action of the isospin subgroup Uy, (1).

There is a common footing for obtaining both the ther-
modynamic potential and one-particle irreducible Green
functions of bosonic o(x) and 7,(x) fields (3) which is
based on the effective action S (0o, 7,) of the model. In
the leading order of the large N .-expansion (corresponding
to the one fermion-loop or mean field approximation), this
quantity is defined in terms of the Lagrangian (2) through
the relation

exp(iS.i(c, 7)) = N [ [dg1Ldq)exp(i j L), )

where N’ is a normalization constant. It is clear from (2)
and (5) that

2 + 2 -
Seff(o-, 7Ta) = _Nc f0-4—(;77ad2x + Seff’ (6)

where the quark contribution to the effective action, i.e.,
the term S in (6), is given by

exp(iSer) = N /[dq][dq] exp(iquqdzx) = detD.
(7

Here we used the notations

D=iy"d, —mg+ uy’ + vy’ — o —iy’m,r, (8)

and v = u;/2. Note also that D is a nontrivial operator in
coordinate (x), spinor (s), and flavor (f) spaces, but it is
proportional to the unit operator in the N_.-dimensional
color (c) space. Then, using the general formula detD =
expTr,. s, InD, one obtains the following expression for the
InD,

effective action:
ot + 77'
v [
&)

where we have taken into account that the trace of the
operator InD over the color space is proportional to N,.

Starting from (9), one can define the thermodynamic
potential (TDP) of the model in the mean-field approxima-
tion:

S eff(o-’ 7Ta) - lNc Trsfx

S eff | (o, 7, =const) =

-N.Q, (0, Wa)[dzx. (10)
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The ground state expectation values (mean values) of the
bosonic fields, {(o(x)) = ¢ and (7,(x)) = 79, are solu-
tions of the gap equations for the TDP ), , (o, 7,) (in our
approach all ground state expectation values do not depend
on coordinates x):
0 _g s herea=1,23. (1)
Jdo Jd T,
In particular, it follows from (11) that if m; # O then 7§ =
0. In addition, one can put 7§ = 0, since the effective
action depends on 7| and , fields through the combina-
tion (77-1 + 772) Next, let us perform the followmg shift of
bosonic fields in (9): o(x) — ox) + o, m7(x)—
ay(x) + ¢, whereas the other bosonic fields, 7,3, stay
unshifted. (Obviously, after shifting the new bosonic fields
o(x), 7,(x) now denote the small quantum fluctuations
around the mean values 0, 7 of mesons rather than the
original fields (3)). Moreover, we use the notations ¢ =
M — mg and ¢ = A. In this case

D = (iy”a,
— (o) + iy’ m,(0)7,)
=Sy = (o(x) + iy>m,(x)7,), (12)

— M+ uy® + vy’ — iydAT))

where S is the quark propagator which is a 2 X 2 matrix in
the flavor space, presented in Appendix B. Then, expand-
ing the obtained expression into a Taylor-series up to
second order of small bosonic fluctuations o(x), 7,(x),
we have

S (o, mg) = SO + S%(a, ) + - (13)

where (due to the gap equations, the linear term in meson
and diquark fields is absent in (13))

1 0 (M - m0)2 + AZ . _
ESE# = — jdsz - lTrSfX ln(SO 1)

Q,, (M, A) [ d*x, (14)

o’ + 72
78(“(0' ., ) = fdsz

+ % Trsfx{SO(a- + iyswaTu)
X Solo + iy’m,7,)} (15)

The TDP (), ,(M, A) from (14) will be calculated in the
next section, where on the basis of this function the phase
structure of the GN model (1) in the leading order over
1/N, is considered. Note also that in (13) and (15) the
bosonic fluctuation fields o, 7, are really the coordinate
dependent quantities. The trace of the Sy-operator and the
products of o, 7 ,-fields in (15) should be understood in the
sense of formula (A2) (see Appendix A). Note the remark-
able property that the effective action (15) is a generating
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functional of two-point and one-particle irreducible (1PI)
Green functions of - and 77-mesons. Indeed:

S
8Y(y)6X(x)’
where X(x), Y(x) = o(x), 7,(x), and I'yy(x — y) is the 1PI
Green function of the fields X(x), Y(x). Variational deriva-
tives in (16) should be taken in accordance with the general
formula (A3) (see Appendix A). In the following, on the

basis of these Green functions we study the meson mass
spectrum in different phases of the model.

Cyy(x —y) = — (16)

III. THERMODYNAMIC POTENTIAL

The Fourier transformation S, !(p) of the inverse quark
propagator Sy! (12) has the form:

Solp) =P+ uy’ +vry’ =M —

Clearly, in the direct product of spinor and flavor spaces it
is a 4 X 4 matrix, which has four eigenvalues:

iv’Ar. (A7)

€1234=—M

* \/(Po +p)? =
(18)

Then, applying the general formula (A5) to the expression
(14) for the thermodynamic potential one gets:

(M m0)2 + AZ
4G (2 )2
:(M_m0)2+A2+ . d2p
4G ') @np
X In{[(po + w)* — (E})]
X [(po + m)* — (EX)°IL (19)
where Ex = (E)> + A%, E* =E* v, v= u;/2 and

E= ‘/ p? + M>. The system of gap equations directly
follows from (19):

Q,.,M,A) =

0Q,,(M, A)
— =
_M—m E*
g2 (277)2E{<p0 T ar - (ELP
+ E }
(Po T ar - G
(M A)

1
6 M8 /(277)2{(170 + )’ = (Ey)

o m2 = <EA>2}‘ 20)

— A2+ 2 iZV\,(p0+,u¢)2—A2.
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The TDP Q, ,(M, A) is symmetric under the transforma-
tions 4 — —u and/or u; — — u;. Hence, it is sufficient to
consider only the region w = 0, u; = 0. In this case, one
can integrate in (19) over p, with the help of the formula

) .
J 5 wltpo + @ = 821 = lla = bl + la + bl
T 2

(which is valid up to an infinite constant independent of
quantities a, b) and obtain:

M — my)> + A? o d
+ - 2” YEL + E;
+(u— EQDO(u — EX)
+(n— Ey)0(u — EQ)Y,
where 6(x) is the Heaviside theta-function. In a similar

way, the system of gap Egs. (20) is transformed to the
following one:

Q,,M,A) =

21

0— 0Q,, (M, A)
oM
_M-—m _Mfm dp, {9(EX — RE*
26 oo 2TE E}
Ey — wE"
+ H(Ai’u“)}’ (22)
Ey
_0Q,,(M, A)
A
A 0 OE; — 0E, —
E__A[ @{ ( s M (E) - “)}. (23)
2G w27 | Ej E,

The coordinates (gap values) M and A of the global
minimum point of the TDP (21) supply us with two ground
state expectation values (gg) and (giy>7,q), respectively,
through the relations M = m, + {o), A = () and for-
mulas (3). In particular, if the gap A is equal to zero, the
ground state of the model is isotopically symmetric and
there is no condensation of charged pions. However, if A #
0, then the ground state describes the phase with charged
pion condensation, where the isospin U, (1) symmetry is
spontaneously broken. In this phase the space parity is also
spontaneously broken. Note also that the physical essence
of the other gap M is the dynamical quark mass which is
not equal to the bare mass m, evidently.

It is clear that the TDP (21) is an ultraviolet divergent
quantity, so one should renormalize it, using a special
dependence of the bare quantities such as the bare coupling
constant G and the bare quark mass m, on the cutoff
parameter A (A restricts the integration region in the
divergent integrals, | p;| < A). The renormalization proce-
dure for the simplest massive GN model was already
discussed in the literature, see, e.g., in [19,20,29]. In a
similar way, it is easy to see that, cutting of the divergent
integral in (21) and using the substitution G = G(A) and
my = mG(A), where
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2G(A) [ m
_2 1n(“ ~/M%+A2) o4
o

M,

and m is a new free finite renormalization-invariant mas-
sive parameter’ (which does not depend on the cutoff A), it
is possible to obtain for the TDP (21) a finite
renormalization-invariant expression. Namely,

QW,(M, A) = /EEOQ“”(M A AN), (25)
where
M*+ A mM A dp,
QM AN ==~ 5 f,Aﬁ

X {E&L +E + (u— EX)B(,LL — EX)
A2
+(u— EQ)0(u — E))} + e (26)

(To obtain (26) we have omitted the unessential constant %
as well as added another one, A{ ) In (24) the cutoff
independent quantity M, is the dynamically generated
quark mass in the vacuum, i.e. at & = 0 and pu; = 0, taken
in the chiral limit, i.e. at my = 0 (see below). (The renor-
malized expressions for the gap equations are obtained in
the limit A — oo, if the replacements G — G(A), my —
mG(A) and |p,| < A are done in (22) and (23), or by a
direct differentiation of the expression (25).) The expres-
sion (26) can also be presented in the alternative form

O, (M, A A) = Vo(M, A; A) — sz [_AA%
X {EL + Ey — 2[p? + M2 + A2
+(n — E{)0(u — EY)
+(pn — Ex)0(pn — EX)} 27)
where
Vo(M, A; A) = %

2

A
—lf de‘/p%+M2+A2+A—. (28)
T J-A ka

Obviously, the integral in (27) is convergent at A — oco.
Since

'Note, the quantity m does not equal to the physical or
dynamical quark mass M. The last one is defined by the pole
position of the quark propagator. Alternatively, it can be found as
a gap, i.e., one of the coordinates of the global minimum point of
the thermodynamic potential (see also the remark in the para-
graph just after (23)).
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M?* + AT (M + A?
e )
27 M3
= Vo(M, A), (29)

/{im VoM, A; A)

one can easily obtain from (25), (27), and (29) the follow-
ing finite renormalization-invariant expression for the
TDP:
mM j © dp,
2 —o0 2

X {Ef + Ey — 24/p? + M? + A2

+(u— EQ)O(n — EY)
+(u— E9)(u — Ex)h (30)

Q. (M, A) = Vo(M, A) —

Note that the integral in (30) is convergent. In the particular
case of w =0, u; =0, and m = 0, i.e., for the massless
GN model in the vacuum, it follows from (30):

M2+ AT (M? + A2
QIMV(M’ A)|M=0,V=O,m=() = . [ln( M% ) — 1:|,

3D

Since for a strongly interacting system the space-parity in
the vacuum is expected to be a conserved quantity, we put
A equal to zero in (31). As a result, the global minimum of
the TDP (31) lies in the point M = M), which means that
in the vacuum and at m, = 0 the dynamically generated
quark mass is just the parameter M, introduced in (24).
However, in the general case, i.e., at nonzero values of the
chemical potentials, the dynamical quark mass depends
certainly on w, wu; and obeys the system of the gap
Egs. (22) and (23) (or (20)). Another free parameter of
the massive GN model, the quantity m, is not directly
related to the quark mass, but rather to the mass of
T-mesons.

In the following, when studying the phase structure or
the meson mass spectrum, the quantity M, is still treated as
a free parameter, however the massive parameter of the
model, m = aM,/m, is fixed by @ = ay = 0.17. In this
case the vacuum properties of the massive GN model
resemble the situation in some NJL-type models in realistic
(3 + 1)-space-time (for a more detailed discussion, see
Sec. IV O).

For the forthcoming investigations we need also the
expressions for the density of quark number n, and isospin
density n;:

GQ,V_ dp, -
St [ SPotu— ED + 0tu — )

(32)

ng=—
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_ 0, ,
20v

ny =

:%/“’ @{’” oEL — w) - E Lo —u)}.

—00 21 EX EA

(33)

IV. PHASE STRUCTURE OF THE MODEL
A. Particular case: u =0, u; =0

Introducing the notation m = aM,,/, one can get from
(30) the following expression for the TDP at u = 0, u; =
0 (usually, this quantity is called effective potential):

M?* + A? [1 (M2 + Az) 1] aM,M
1 1=
27 M3 2
(34

Qo(M, A) =

The corresponding gap equations look like

2 + 2
2rIM8) wopgn(Mr 2 <ty =0 G9)
oM My
2 + 2
2maM.8) (MY 0 e
9A Mj

The gap system (35) and (36) has several solutions, but the
global minimum point (GMP) of the TDP (34) corresponds
to the value A = 0. Then, at A = 0, the Eq. (35) vs M has
three solutions of different signs. Just the one with largest
absolute value corresponds to the GMP of the TDP. This
quantity (gap) is denoted by M and depicted in Fig. 1 as a
function of the variable «. Since the quark number density

»M/Afm ]Wﬂ/]\/fm Hc/]wm ,Ulc/]wo

a =mm/M,

FIG. 1. Dynamical quark mass M (curve 1) and 77-meson mass
M, (curve 2) vs a = mm /My at w = 0, u; = 0. Curve 3 is the
critical value w,. of the vacuum-normal quark matter phase
transition (at u; = 0); the critical value wu;. of the vacuum—
PC phase transition is also given by the curve 2, i.e., u;. = M,
(see Sec. IV C).
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n, and isospin density n; (32) and (33) are equal to zero in
this GMP, we conclude that at & = 0 and u; = 0 the
ground state of the model corresponds to the empty space,
i.e. to the vacuum. Hence, in this case the gap M is the
dynamical quark mass in the vacuum. Clearly, the gap M
coincides with M, in the chiral limit, « = 0. In addition, in
Fig. 1 the behavior of the 7-meson mass M vs « in the
case of w =0 and u; =0 is also presented (it is the
solution of the Eq. (57) from Sec. VA 1). From the inves-
tigations of Sec. IV C it will become clear that M. coin-
cides with the critical value u,. of the isotopical chemical
potential w;, at which the system passes from the vacuum
state to the pion condensed phase. Just this fact is reflected
in Fig. 1. Moreover, we have also depicted in this figure the
behavior of the critical value w. vs a of the chemical
potential w, at which the system passes from the vacuum
to the normal quark matter phase at v = 0 (see Sec. [V B).

It is easily seen from Fig. 1 that the relation between the
gap M in the vacuum and the pion mass M. (at © = 0 and
M = 0) has a strong @-dependency and for some values of
this parameter does not describe real physics. Recall, in
real (3 + 1)-dimensional physical models the dynamical
quark mass M is usually greater than M, at u = 0 and
p; = 0 and depends on the model parameters (coupling
constants, cutoff parameter, etc.). In particular, the values
M = 350 MeV and M, = 140 MeV, i.e., M/M, = 5/2,
are often used in the NJL model investigations of dense
quark matter [30]. So, in the following consideration of the
phase structure of the model (1) and its meson mass
spectrum in the most general case of u # 0 and v # 0,
we will suppose the same relation between M and M, at
pm =20 and u; = 0. Evidently (see Fig. 1), this choice
corresponds to & = a =~ 0.17. Having fixed the parame-
ter @« = « = 0.17, it is then possible to obtain M /M, =
1.04, M,./M, = 0.42, and m/M, = 0.05, where M, is the
dynamical quark mass in the massless GN model at u = 0
and u; = 0.

B. Particular case: u # 0, u; =0

Using again the notation m = aM,/, one can get from
(30) the following expression for the TDP at u # 0, u; =
0:

2+ 2 2+ 2
QM(M,A)zM A [1n<M A )_1]_aMOM

2 M(Z) 21

n 0(# —VM? + Az) I:(Mz + Az)

<1 <M+ /MZ_MZ_A2)
n
VM? + A?

- ,LL'\,;LZ - M? - Az]. (37)

It follows from the gap equations for the TDP (37) that
A =0 in its global minimum point, whereas the
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M-coordinate of the GMP obeys the equation:

(u + VT ITP
M2
0

O(u* — M?)1In

M*  aM,

2 _ 2 — 0
+0(M* — u )lnM(z) TR (38)
Studying the GMP of the TDP (37) with the help of the
stationary Eq. (38), it is possible to show that at u < w . the
GMP is arranged in the point (M, A = 0), where both the
critical value u,. and the gap M are depicted in Fig. 1. In
this case the system is arranged in the vacuum state with
n, =0 and n; = 0. However, if u > u. then the phase
which is usually called the normal quark matter phase is
realized in the model. In this phase the quark number
density n, is nonzero, however the isospin density n; =
0 at w; = 0. In the particular case with @« = «a = 0.17 the
behavior of the M-coordinate (gap) of the GMP is pre-
sented in Fig. 2, where u,. = 0.76M,), as a function of u.

C. Particular case: u =0, u; # 0
In this case the TDP (30) has the following form:

mmm=wmm—@@ﬂj

2 o0 27T

= dp

XA{E} + Ey —24/p} + M? + A%} (39)

The corresponding system of the gap equations looks like:

2790 (M, A M? + A2 o0
oM M; 0
E* E- 2
x{++m,- }
EEy EEy  [p? + M2 + A2
=0, 40)

M /My

0 0.5 1 15 2

He
Mo /Mo

FIG. 2. Dynamical quark mass M vs pu at u; =0 and a =
ay = 0.17. Here u./M, = 0.76.
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M?* + A? 00
M; 0
1 1 2
el —2 1]
Ex Ex [pr+ w2+ A2

=0,

2w, (M, A) _
aA N

(41)

where we have used the notations adopted after formula
(19). The coordinates (gap values) M = M(v) and A =
A(v) of the global minimum point of the TDP (39) obey the
gap Egs. (40) and (41). (In the present section we find it
convenient to stress explicitly the fact that the GMP is
indeed a function of the parameter v.)

Recall the situation in (3 + 1)-dimensional NJL models
with pion condensation, if the bare (current) quark mass is
nonzero [13]. In this case at some critical value w;,. of the
isospin chemical potential, which is just the pion meson
mass M. in the vacuum at u = 0 and u; = 0, i.e., u;. =
M ., there is a continuous second-order phase transition
from the vacuum phase (which is realized at v < wp, =
M. /2) with M(v) = M(0) # 0, A(v) = 0 to the pion con-
densed one (at » > v,), where M(v) # 0, A(v) # 0. This
means that the TDP global minimum point (M(v), A(v)),
corresponding to the pion condensed phase, has the follow-
ing property: M(v) — M(v.) = M(0), A(v) — 0, if v —
v, . Here we again use the notations » = u;/2 as well as
M(0) for the dynamical quark mass in the vacuum.

It turns out that the same qualitative picture of the pion
condensed phase transition occurs in the framework of the
massive GN model. Indeed, numerical investigations of the
TDP (39) show that at some critical point v, there is a
second-order phase transition from the vacuum phase to
the phase with charged pion condensation. It means that the
GMP of the TDP (39) is a continuous function vs » in the
critical point » = v.. Now, in order to define »,. and to
prove that the equality v, = M. /2 is also valid in the case
of the massive GN model, it is necessary to remark that at
v > v, the coordinates (M(v), A(v)) of the GMP of the
TDP (39) convert the expression in the square brackets of
(41) into zero. Moreover, the Eq. (40) is also fulfilled.
Since at ¥ = v, we have a continuous phase transition,
ie., A(v,) =0, M(v.) = M(0), in the critical point v =
v,. this pair of equations is transformed into the following
one

M(0)
aMy = 2M(0)In e (42)

M?(0) oo 1
In—s-=2v2 | dp )
M; -L Vﬁ+W®M+W@—@
(43)

*The quantity M(0) vs a is nothing else than the gap M
depicted in Fig. 1 as curve 1.
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0.6 1

A/My, M/M,
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l//]\/f[)

FIG. 3. The gaps A (curve 1) and M (curve 2) vs v = u;/2 in
the case w = 0 and a = ay = 0.17.

Next, by inserting Eq. (43) into the right-hand side of (42),
we find the useful relation

/ dp,
ypi+ M O0)(pi + M*(0) — )

(44)

CYMO

In the next sections we will study the meson masses in
different phases of the model. In particular, we shall there
derive an equation for the 77-meson mass M. in the vac-
uum at u = 0 and u; = 0 (see (57)). Comparing (44) with
this equation, it follows that v, = M /2, i.e., the critical
value u;,. is equal to the 77-meson mass M, at u = 0 and
;= 0 for arbitrary values of a. (Of course, one should
take into account that the corresponding dynamical quark
mass M appearing in this equation is nothing else than the
parameter M(0) of the present section.) As a result, the
dependence of w;. and M, vs « is presented by the same
curve 2 of Fig. 1.

Clearly, at v < v, we have a phase which corresponds to
the empty space (here both n, and n; are equal to zero).
Because of this property, we use the notation vacuum for
this phase.” In the vacuum phase one has A = 0, but the
gap M is nonzero and does not depend on v (its behavior vs
a is shown in Fig. 1). At v > v, the pion condensation
(PC) phase with n, =0 and n; # 0 is realized in the
model. Inside this phase both gaps M and A are nonzero

By definition, the vacuum is here the phase with zero den-
sities ng and n;. However, one should realize that in a most
general case the (dynamical) properties of its ground state
depend on the values of u and u;. Indeed, in the model under
consideration at wu; = 0 there is an SU;(2) symmetry of the
ground state in the vacuum phase. As a result, all three pions
have a common mass. However, at u; # 0, i.e., when the ground
state symmetry is reduced to the U, (1) @ubgroup, 7T-mesons

have different masses in this phase (see Sec. VB2).

PHYSICAL REVIEW D 80, 125013 (2009)

S
=
~
E 0.2
0.14
0 0.2 0.4 0.6 0.8 1 1.2 14
V/ M,
FIG. 4. Isospindensity n; vsvat u = 0and @ = ay = 0.17 in

the vacuum (at » < v, = 0.21M,), where n; = 0, and in the PC
phase (at » > v,), where n; # 0.

and depend on ». The isospin U, (1) symmetry is sponta-
neously broken in the PC phase. For the particular parame-
ter value @ = a =~ 0.17 the behavior of gaps vs v is
shown in Fig. 3, where v, = 0.21M,. In Fig. 4 the isospin
density n; vs v is presented.

D. General case: u # 0, p; # 0

In this case, starting from the TDP (30) we obtain the
following gap equations:

2700, (M, A 24 A2
TR, M)y (M 2A) 2Mf dp,
oM M2
x{ ET E‘
EE} EEA «/E2+A2
_E+9(M_ED_E9(M_EA)}_O
EE} EE} ’
(45)
2700, ,(M, A 24 A2
RS <o) - [
9A M2
1 1 2
EA EA VE? + A?
0w —Ey)  6(p — E;)H 0
E} E; '
(46)

Based on these equations, we have studied the properties of
the GMP of the TDP (30) in the particular case of a =
ao =~ 0.17 and found the phase portrait, presented in Fig. 5.
There the vacuum, pion condensation as well as three
normal quark matter phases I, II, and III are arranged. In
the pion condensation phase the gaps A and M are nonzero,
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so here the isospin U, (1) symmetry is broken spontane-
ously. Throughout this phase the gaps A and M do not
depend on . It turns out that their dependencies on v in
the PC phase at u # 0 are the same as in the PC phase at
u = 0 (see Fig. 3). For points (v, u), taken from the other
phases of Fig. 5, the A-coordinate of the global minimum
point of the TDP is zero (as a result, in these phases the
isospin Uy (1) symmetry remains intact), but the
M-coordinate of GMP is not zero. Namely, inside the
vacuum phase the gap M does not depend on (v, w), i.e.,
it is a constant. (In particular, here M = 1.04M, at o =
ag = 0.17.) Our analysis shows that on the boundary
between the vacuum and pion condensation phases the
gaps are continuous functions vs p and v. Hence, we
conclude that a transition from the vacuum to the pion
condensed phase or conversely is a second-order one.

It turns out that the gap M is a continuous
(w, v)-function inside each of the domains I, II, and III
of Fig. 5. In contrast, it is changed by a jump when each
boundary between the I, II, and III phases is crossed. To
become convinced of this, look at Fig. 6, where the behav-
ior of M vs v at two different fixed values of u is presented
(there, phase II is shrunk to the interval (a;, b;) at u =
0.84M,, and to the interval (a,, b,) at u = 0.94M,). As a
result, we conclude that on these boundaries there is a first-
order phase transition.

Now, let us consider the quark number density n, (32) as
well as the isospin density n; (33) inside each phase of the
model. It is easy to see that for the vacuum phase these
quantities are zero, thus justifying the name of these
phases. Then, since the gaps A and M do not depend on
w inside the pion condensed phase and the relations E >

w/ Mo

PION CONDENSATION

VACUUM

0.2 0.4 0.6 0.8 1 12 14

V/]V[g

FIG. 5. Phase portrait of the model in terms of w and v =
mi/2 at @ = ay = 0.17. Here v./My = 0.21, u./My = 0.76.
All lines of the figure are curves of first-order phase transitions,
except the boundary between the vacuum and PC phase. In the
normal quark matter phases I, II, and III pion condensation is
absent (their properties are discussed in the text).
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04 4
\
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M/ M,

0.2 4
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v / My

FIG. 6. The behavior of the gap M vs v in phases L, II, and III
at u/My = 0.84 (curve 1) and u/M, = 0.94 (curve 2) at a =
ay = 0.17. Here a; = 0.47, a, = 0.62, by = 1.11, b, = 1.19.

 are true here, one can conclude that n, = 0 in this phase
and the isospin density n; vs v in the PC phase is presented
in Fig. 4. For the normal quark matter phases I, II, and III
we have A = 0, so in order to obtain the expressions for n,
and n; in these phases one can use the expression (13) of
the paper [31] for the quantity Q, ,(M,A =0). As a
result, in phases I, II, and IIT we have

ny =M e
+ w (u — v)*> — M?sign(u — v),
(47)
”':M (1 + v)? — M2
_Op v = M)

(u — v)*> — M?sign(u — v).
(43)

Then, using the values of the gap M presented in Fig. 6, one
can find the corresponding values of densities n, and n;
shown in the curves of Fig. 7. It is clear from this figure that
inside the Il-phase n, = n;. Since n, =n, + n; and
2n; = n, — ny, where n,, n, are the densities of up and
down quarks, correspondingly, it is clear from the above-
mentioned constraint that in phase II the relation n, =
—3n, is valid.

Up to now we have studied thermodynamic properties of
the model phases. Now the consideration of their dynami-
cal peculiarities is in order. The first point we would like to
discuss here is the spectrum of quasiparticles. In condensed
matter physics they are simply the one-fermion excitations
of the corresponding ground state. Recall, in the most
general case the energy spectrum of wu-, d-, i-,
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FIG. 7. Quark number density n, (curve 1) and isospin density

n; (curve 2) vs v at uw/M, = 0.84. Here a; = 0.47, b, = 1.11.

d-quasiparticles (quarks) are given in (B6) (see
Appendix B). It is clear from this formula that in the
vacuum phase, where A = 0 and M = 1.04M,, the energy
which is needed for a creation of the u- and
d-quasiparticles is always greater than zero. Hence, both
u- and d-quarks are the gapped excitations of the vacuum
phase. The similar property of a ground state is valid for the
PC phase of the model, where also a finite amount of
energy is needed to create up and/or down quarks.
Because of this reason, the name gapped phases are usually
used in these cases.

However, in the case with normal quark matter phases I,
II, and III the situation is opposite. Indeed, it is easy to
check that in phase I both u- and d-quasiparticles are
gapless. It means that there are no energy costs to create
these quarks, i.e., there exist space momenta p} and p™*
such that po,(p7) =0 and po,(p7™) = 0, where po,(p;)
and p,(p,) are the energies given in (B6) of correspond-
ing quasiparticles. (For example, the point (v = 0.2M,,
= 0.84M,) lies in phase I with M = 0.088M,, A = 0.
Then it is easy to find from (B6) that p} =~ 1.04M, and
pT* = 0.63M,.) In contrast, in phases II and III only
u-quasiparticles are gapless, but d-quarks are gapped.
Note, some dynamical effects in dense matter such as
transport phenomena (e.g., conductivities etc.) depend es-
sentially on the fact whether or not gapless excitations of
the medium are possible. Hence, these effects can occur in
a qualitatively different way in phase I on one hand, and in
phases II and III, on the other hand.

Finally, it is necessary to remark that the spectrum of
mesonic excitations also has a sharp phase dependence. In
particular, in Fig. 8 the behavior of the 77°-meson mass in
phase Il is depicted at two different values of . It turns out
that in this phase the 7°-meson is a stable particle (at least
with respect to strong interactions). However, in the neigh-
boring phases I and III it is no longer a stable particle but a
resonance. This fact as well as other peculiarities of the

PHYSICAL REVIEW D 80, 125013 (2009)

Mo /My
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FIG. 8. The behavior of the 7%-meson mass M o vs v in phase
Il at /M, = 0.84 (curve 1) and u/M, = 0.94 (curve 2). The
values a; and b; are given in Fig. 6.

meson spectrum in different phases of the model is the
subject of our consideration in the next section.

V. MESON MASSES IN DIFFERENT PHASES

As was noted in Sec. II (see the text after (15)), the
effective action (15) can be used for obtaining meson
masses in different phases of the model. For this purpose,
one should find from the outset all two-point 1PI Green
functions (16) of meson fields. These 1PI Green functions
are the matrix elements of the 4 X 4 meson matrix I'(x —
y). Then it is necessary to get the Fourier transformation
I'(p) of the meson matrix I'(x — y) and find its determinant
in the rest frame, where the two-component energy-
momentum vector p has the form p = (p,, 0). The equa-
tion

detl'(po) = 0 (49)

has in the plane of the variable p3 four (real- or complex-
valued) solutions, one of them is the mass squared of the
scalar o-meson, whereas the other three solutions give the
mass squared of the pseudoscalar 77-mesons.

Detailed investigations of the meson matrix I'(p,) show
that its matrix elements of the form fw3 x(po) or I_‘XW3 (po)s
where X = o, 7, m,, are equal to zero in all phases of the
model, i.e., the matrix I'(p,) is a reducible one. This means
that the neutral pseudoscalar meson, 7° = 75, does not
mix with the other mesons, 7= = (7, * i772)/\/§ or o. As
a result, one root of the Eq. (49) can be found through the
equation 1_“7,37,3 (po) = 0, which supplies us with the mass
squared of the 77°-meson in different phases of the model.
The other three meson masses are the zeros of the deter-
minant of the reduced meson matrix, whose matrix ele-
ments are two-point 1PI Green functions of the fields o,
7, and 77,.
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A. The mass of 77°-meson
The corresponding two-point 1PI Green function looks
like:
2
BZSeff
§7r3(y) o3 (x)
8(z)
~3G +iTr{S1(2)y’S11(—2)y
+ 802 Y Sn(=2)y’ = S12(2) Y’ S (—2)y°
= 512y’ Si2(—2)7’}, (50)
where z = x — y, and the matrix elements S;;(z) of the
quark propagator are presented in (B5). Note, the expres-

sion (50) is valid for all phases of the model. Now, let us
consider it in each phase.

rﬂ.oﬂ,o(z) = —

1. Vacuum and normal quark matter phase I: The case
v=0u=0

To illustrate the technique, which was elaborated in
details in the framework of NJL models with the color
superconductivity phenomenon [30], we start from the
most simple case of ¥ = 0 corresponding to the vacuum
and phase I only (see Sec. IV B and Fig. 5). Since for these
phases A = 0, the last two terms in (50), proportional to
S12(z), vanish. The corresponding Fourier transformation
of the expression (50) now looks like:

1 Ak
ST [ 51 + K178 (0°

+ Sy(p + k)Y Sy(k)yS, (51)

where the Fourier transformations Sij(p) can be easily
determined from (B5). Using in (51) the rest frame system,
where p = (po, 0), and calculating the trace over spinor
indices, we have
b d*k
0 o(po) + 4i (2 )2

— (ko + m)(po + ko + 1)
E)(ko + po + u)* — E*]
(52)

1:‘77.0770 (p)

((ko M)2

where E = W/k% + M?, and the dynamical quark mass M is

given by the value of the M-coordinate of the GMP of the
thermodynamic potential. As was noted in Appendix B, in
(52) kg and (ky + pg) are correspondingly the shorthand
notations for kg + ie - sign(ky) and (ko + pg) + ie -
sign(ky + pg), where € — 0,. The ky-integration in (52)
is performed along the real axis in the complex kj-plane.
We will close this contour by an infinite arc in the upper
half of the complex kj-plane. Taking into account the
above-mentioned rule for the ky-integration, we have in-
side the obtained closed contour of the integral in (52) four
poles of the integrand which are located in the following

PHYSICAL REVIEW D 80, 125013 (2009)
points:
(ko) = —E — pu +icb(u + E),
(ko) = E— p + ief(u — E),
(k)3 = —E — p — po + ief(n + E),
(ko)g =E — p — po + ieb(u — E).

Since 4 =0 and E = 0, the sum of the corresponding
residues of the integrand function in these poles results in
the following k,-integration in (52):

| w dk, EOE — w)
—__qg [T BT (5
70 0(p0) 2°G [—oo 2 p(z) _4E2 ( )

To renormalize the expression (54) we use the gap Eq. (22)
atA=v=0:

I m foo dk; O(E — )

26 2M w2m  E

where we took into account that m,/G = m. Substituting
(55) into (54) and using the relation m = aM,/ 7, we have

aM, [@ O(E — )
2o PV )y Tw EGET = pd)

Note that the quantity I'_o_o(p,) is a multivalued function
of the variable p3 which is analytic on some complex
Riemann manifold described by several sheets. The ex-
pression in the right-hand side of (56) defines I'_o_o(p()
just on the first physical sheet only, which is the whole
complex p3-plane, except for the cut p3 > 4M? along the
real axis.

Recall that the mass squared M2, of 7%-mesons is the
zero of this 1PI Green function vs p%. The zero should lie
either on the real axis in the first sheet of the pj-plane (in
this case it corresponds to a stable particle with real value
of Mfro such that 0 = Mfro =< 4M?) or in the second sheet,
corresponding to a resonance. Since at ¥ = 0 a mass split-
ting between 7-mesons is absent (see also the remark in
footnote ), throughout the section we use the notation M .
both for the 7%- as well as for the 7~ -meson mass.

It is clear from Fig. 1 (see also Sec. IV B) that in the
vacuum phase at ¥ = 0 the relation u < u. < M is valid
for arbitrary a-values, so the theta-function in (56) is equal
to unity. As a result, we see that in the vacuum the 77-meson
mass satisfies the following equation:

aMo _ dk

f V& + M43 + 4M2 — M2)

Supposing that the quantity M in (57) is just the gap
depicted in Fig. 1 as the curve 1, one can solve numerically
this equation with respect to the variable M .. It turns out
that the solution M, lies in the first sheet of the Riemann
manifold and hence obeys the relation M2 < 4M?. The
quantity M. vs « is shown in Fig. 1 as the curve 2.

(55)

270(Po) = (56)

(57)
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In contrast, in the case of the phase I at » = 0 the
corresponding 1PI Green function (56) does not have zeros
in the first Riemann sheet of the variable p%, 1.€., there are
no stable (at least with respect to strong interactions)
m-mesonic excitations of the phase I ground state. In this
phase all 77-mesons are resonances.

2. Vacuum and normal quark matter phases I, Il and I1I:
The case v + 0, u # 0

Technically this is a more complicated case, but the
main ideas of calculations do not change. So, omitting

technical details, one can obtain the following expression
|

arctan

PHYSICAL REVIEW D 80, 125013 (2009)

for the two-point 1PI Green function of 7°-mesons in the
rest frame:

Py — @Mo f k1
w07 LPo 2aM Po o 7 EM4E*— p3)

X [0(E+v—u)

+ sign(E — v)O(|E — v| — w)] (58)
It is also a multivalued function of the variable p which is
analytical on the same Riemann manifold, where the Green

function (56) is defined. On the first Riemann sheet and at
real values of p3 such that 0 = pZ < 4M? it looks like:

pov(u + v)> — M?

09(M tv—-M

770770 (po) =

O(lu—v|—M
4 Po (p — ] )arctan

Po
pov(pn — v)* — M?

Ctan
w+ v)4[4M? — p%

Let us, for example, again consider the case a = a( =
0.17, then M = 1.04M, (see Fig. 2). In this case, for the u
and v values taken from the vacuum phase of Fig. 5, each
theta-function in the expression (58) is equal to unity. As a
result, the Green function (58) at » # 0 coincides with the
70 Green function (56) at » = 0. Hence, in the vacuum
phase the mass of the 77°-meson does not depend on both v
and w. It takes the value Mo = 0.42M, in the case of @ =
a. In the general case of arbitrary a-values, the M _o-mass
in the vacuum phase at » # 0 is simply the pion mass at
v = 0 (see the line 2 of Fig. 1).

One can easily check that the expression (59) turns into
zero at some point of the interval 0 < py, < 2M only in the
case when (v, u) lies in phase II (the corresponding value
of p, is the mass of the 77°-meson). At some fixed values of
wm the behavior of Mo vs v is presented in Fig. 8 at o =
a. In contrast, in phases I and III the expression (59) has
no zeros in the interval 0 < p, <2M. Hence, in these

phases 7° is not a stable particle, but rather a resonance.

3. The pion condensation phase

Now, let us study the 7°-mass in the PC phase, where
both gaps A and M are nonzero. To obtain a compact
expression for the two-point 1PI Green function
[_o_0(py), it is again necessary to eliminate in (50) the
coupling constant with the help of the gap Eq. (23), i.e., to
use the following relation

[ dk, {
2G ) 21
Then, after tedious but straightforward calculations which
are similar to that of Sec. VA 1, it is possible to find

/J«) N O(E, — ,U«)}'
Ey

| = viyfam? = pj

(59)

[
dk
1) j o
oo &TT
E\ +E,
E LNEXLpE — (EX +EH

P (po) = (P(2)

(60)

Clearly, the mass of 7¥ in the PC phase is equal to the
isotopic chemical potential w; and does not depend on L.

B. The masses of o- and 77~ -mesons

As was noted above, to get the masses of o- and
7= -mesons, it is necessary to find the zeros (in the rest
frame with p = (p,, 0)) of the determinant of the reduced
meson matrix composed from two-point 1PI Green func-
tions of these particles. Our calculations show that the
Green functions are of the form Fowl,z(pO) ~A. So, in
the vacuum as well as in phases I, II and III there is no
mixing between o- and 7 ,-fields which leads to a further
reduction of the meson matrix. Hence, to find the mass of
the o-meson in these phases, it is sufficient to investigate
the separate equation I,,(py) =0. The equation

detll(pg) = 0 with

— Fw T (pO)’ fﬂ' T (Po)

II = _"1" _ T ) 61
(ro) ( 1_‘77'277'1 (po). F77'2772 (Po) ) ©h)

then supplies us with the masses of 77 -mesons.

1. o-meson in vacuum and I, 11, III phases

In these phases A = 0. So, on the basis of the effective
action (15) and using the relation (16) and the methods of
Sec. VA1, it is possible to obtain the most general ex-
pression for the two-point IPI Green function of the
o-meson both in vacuum and in the I, II, III phases of
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the model
= CYMO dkl 1
I _ P2 — AM? [
oo(Po) 2am PO M) 7 E(4E? — pl)
X [O(E + v — u)+ sign(E — v)

X O(E = v| = p)] (62)

where again E = 4/k} + M>. Let us now suppose that the

pair of chemical potentials (w, ») belongs to the vacuum
phase of Fig. 5, where, evidently, M > u + v. In this
particular case the expression in the square brackets of

(62) is equal to 2, so
dk 1
aM? [ =1
) 7 EW@E? — p?) )’
(63)

It follows from (63) that in the chiral limit, when = 0
and M # 0, the o-meson is a stable particle with mass
equal to 2M. However, at arbitrary small a > 0 the zero of
the Green function (63), located at the point p3 = 4M? of
the first Riemann sheet at o = 0, shifts to the second
Riemann sheet, signalling thus that in the vacuum phase
of the massive GN model the o-meson is a resonance. It is
quite reasonable that at small values of « the mass of this
resonance is near 2M.

Now remark that for values of p and v from the regions
I, IT or III of Fig. 5 the square brackets of the integrand in
(62) cannot be negative. As a result, for all real values of p%
such that 0 < p3 < 4M? the Green function I',,(p,) is a
positive quantity, i.e. it cannot become zero. Thus, in
phases I, II and IIT of the model the o-meson is also a
resonance.*

CYMO
“(pg) = 50— 2
oo 2aM (

2. w*-mesons in vacuum and I, II, I1I phases

The squared masses of 77-mesons in these phases are
given by the zeros of the equation detll(py) = 0 in the
p3-plane, where I1(py) is the matrix (61). To find its matrix
elements, it is convenient to use in the effective action (15)
the new fields 7% (x) = (r;(x) * im(x))/+/2 instead of
the old ones, 7 ,(x). Then, it is natural to define the
corresponding Green functions I' .+ .- (x — y) etc., where

8°Sei

[ (x—y) = _m

“Strictly speaking, the found resonance character of ¢ is here
associated to the existence of gg-thresholds enabling the meson
decay into a (nonobservable) gg-pair. Clearly, in order to model
e.g. the confinement properties of “‘more realistic” two-
dimensional QCD [32], one should consider a more sophisti-
cated GN model incorporating some suitable prescription for
quark confinement (see, e.g., [33]). Within such a model one
could then treat the o-decay into observable pions, o — 7,
which is, however, outside the scope of this paper.
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etc.’ The Fourier transformations of these Green functions
are connected with the matrix elements of the matrix
I1(py) (61) by the relations

_ _ 1 - _

r T (pO) = qurz(l?o) = E[Fﬂ'WT’ (pO) + I‘77777'* (pO)],

Ly (P0) = T, (p0) = 5 [T (p0) = T (po))
(64)

Then, the determinant of the matrix (61) looks like
detIT(py) =T 1 (po) - T+ (po)- (65)

Our straightforward analytical calculations show that
r ataT (p()) = fﬂo
7+ (Po) = Lo (s = po),

0 + R
~(po + mp) 66)

where T'_o_o is the 1PI Green function of the 7°-meson,
presented in (58). Now suppose that at pj = M2, the
Green function of the 7’-meson turns into zero, when
the chemical potentials (u, u;) are fixed at some values
in the vacuum phase or the I, II, IIT phases. Then, on the
basis of the relations (66) it is clear that I+ _-(po) ~

((po + > = M2,) and T, .+ (po) ~ ((us — po)* —
Mfro). As a result, we see that

detTl(po) ~ [(po + wp)* — M%) [(; — po)* — M%,]
=[p§ — Mp — w)*1-[pg — (M + 1))
(67)

Hence, the zeros of the determinant (67), i.e., the quantities
M2, =M, — u;)* and M2 = (Mo + u;)?, can be
identified with the mass squared of 77=-mesons.

3. 0- and 1 -mesons in the pion condensation phase

As noted at the beginning of the present section, there
arises a mixing between o and | ; fields in the PC phase
of the massive GN model. Thus, to define the mesonic
mass spectrum one should find all the zeros of the deter-
minant of the meson matrix, composed of corresponding
two-point 1PI Green functions of the form (16). We have
found exact analytical expressions for these Green func-
tions and have shown that the determinant has a zero in the
point p3 = 0. (In order not to overload the paper with
rather cumbersome formulas, we do not present here the
expressions for these Green functions.) It means that in the
PC phase there is a massless bosonic excitation. It can be
treated as a Goldstone boson, which is a consequence of
the spontaneous breaking of the isospin Uy, (1) symmetry
in the PC phase.

It turns out that further information about mesons in the
PC phase can be found in the chiral limit, i.e., at my = 0.

>In the phases with zero gap A the Green functions of the form
I+ +(x—y)and I' .- .- (x — y) vanish.
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Indeed, in this case the Green functions of the form
f‘”lvz(po) are identically equal to zero, so that the
o-meson does not mix with 7 ,-fields. Moreover, it is
possible to show that in the massless GN model the Green
function I",,(p,) coincides in the PC phase with the Green
function I'_o_o(po) (see (60)). Because of this relation we
conclude that M, =M o= u; in the PC phase of the
massless GN model.

VI. SUMMARY AND CONCLUSIONS

Recent investigations of the phase diagram of isotopi-
cally asymmetric dense quark matter in terms of NJL
models show that their pion condensation content is not
yet fully understood. Indeed, the number of the charged
pion condensation phases of the phase diagram depends
strictly on the parameter set of the NJL. model. It means
that for different values of the coupling constant, cutoff
parameter, bare quark mass, etc. just the same NJL model
predicts different numbers of pion condensation phases of
quark matter both with or without an electric neutrality
constraint (see, e.g., [12,14]). Thus, to obtain more objec-
tive information about the pion condensation phenomenon
of dense quark matter, it is important to invoke alternative
approaches. One of them, which qualitatively quite suc-
cessfully imitates some of the QCD properties (see also the
Introduction), is based on the consideration of this phe-
nomenon in the framework of asymptotically free (1 + 1)-
dimensional GN models in the leading order of the large
N, -technique.

In the present paper we have studied the phase structure
of the massive GN model (1) in terms of quark number
(m)- as well as isospin (u;) chemical potentials in the limit
N, — oo (for simplicity, the temperature has been taken to
be zero). After renormalization (see Sec. III), this model
contains two free parameters: M, the dynamical quark
mass in the vacuum of the corresponding massless GN
model, and the renormalization-invariant quark mass m =
my/G = aM,/ (see also the remark in footnote '). In our
considerations we often put @ = a = 0.17 in order to have
the same relation between the dynamical quark mass M
and the 77-meson mass M, in vacuum, i.e., M/M, = 5/2,
as used in some other NJL. model parametrizations [30].
Just at @ = «a the phase portrait of the model is presented
in Fig. 5 in terms of u and v = w,;/2.

First, we have found that at 7=0 the charged pion
condensation phase of the GN model is realized inside
the (noncompact) chemical potential region wu;>M o,
where w is not greater than M,/ V2 and M 0 18 the vacuum
mass of the 77%-meson. In this phase the isospin U (1)
symmetry is spontaneously broken down and a massless
Goldstone bosonic excitation of the ground state appears.
Moreover, we have shown that the mass of the 79-meson in
the PC phase is equal to the isospin chemical potential ;.
All one-quark excitations are found to be gapped particles
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in this phase. As a result, the quark number density n, is
equal to zero in the PC phase.® The same properties of the
PC phase are predicted in the framework of some NJL
model parametrizations (see, e.g., in [12,14]). In contrast,
in the NJL phase diagram the pion condensation phases
occupy a compact region and for some parametrization
schemes the gapless pion condensation might occur [11-
14].

Second, at rather large values of the quark number
chemical potential u we have found a rather rich variety
of normal quark matter phases I, II, and III (see Fig. 5), in
which the quark number density n, does not vanish (see
Fig. 7). In particular, it turns out that in phase I both u- and
d-quarks are gapless quasiparticles. On the contrary, in
phases II and III only u-quarks are gapless, whereas
d-quarks are gapped. By this reasoning, dynamical effects
in transport phenomena for dense quark matter (e.g., con-
ductivities, etc.) can occur in a qualitatively different way
in phases I, II, and III. We have studied also the 77-meson
mass spectrum of these phases and found that in phase [
and III the 77-mesons are resonances. However, phase 1II is
the so-called “‘stability island” for 77-mesons. Indeed, as it
was shown by our numerical calculations, the 70-meson is
a stable excitation of the ground state of this phase. Its mass
vs v is depicted in Fig. 8. The 77" -mesons are also stable in
this phase, but their masses are M, - =|M o ¥ u;| (see
Sec. VB?2). (The same relation between =°- and
7" -meson masses is also valid inside the vacuum phase
of Fig. 5.)

In conclusion, by using the rather simple approach
above to the GN phase diagram, we have found a variety
of phases with rather rich dynamical contents. A related
interesting issue could be the extension of these investiga-
tions to inhomogeneous condensates [28]. We hope that
our investigation of the phase diagram of the massive GN
model will shed some new light on the phase structure of
QCD at nonzero baryonic and isotopic densities.
Obviously, a more realistic imitation of the QCD phase
diagram requires us to include also a nonzero temperature
as well as a suitable confinement prescription for quark
propagators [33].
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°In the gapped phases, PC, or vacuum phases, the relations
EX > w are valid. Then, using (32), it is clear that ng = 0 in
these phases.
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APPENDIX A. TRACES OF OPERATORS AND
THEIR PRODUCTS

Let A, B, ... be some operators in the Hilbert space H of
functions f(x) depending on two real variables, x =
(x°, x1). In the coordinate representation their matrix ele-
ments are A(x, y), B(x, y), ..., correspondingly, so that

(Af)n) = j LyAGx, Y)()

(A-B)(xy) = fdzzA(x, 2)B(z,y), etc.

By definition,

Trf = Trf = B(O)fdzxf(x);
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TrA = f d?xA(x, x),

Tr(A - B) = /dzxdzyA(x, v)B(y, x), etc. (Al)

Each function f(x) € H can be considered as an operator
f, acting in this space, with matrix elements f(x)8(x — y),
where &(x —y) is the two-dimensional Dirac delta-
function. As a result, one can formally consider the trace
of functions, their products as well as the traces of more
complicated expressions, such as the products of operators
and functions. Indeed, using the definition (A1) we have

Tr(f1f2) = Te(f) - f2) = [dPxd®yfi(x0)8(x — y)£,(0)8(y — x) = 8(0) [ dPxf(x)f2(x);
Tr{Af} = Tr{A - }} — [ PxdyA(x, y)f()8(y — x) = [ PxA(x, x)f(0);

TH{Af\Bf2} =TH{A - f, - B- fo} = [ dPxdyd*vd*uA(x, v) f1(v)8(v — y)B(y, u) f>(u)8(u — x)

. [ Pud?vA(u, v)f,(v)B(w, u)f(u).

In particular, it follows from (A2) that

82 Tr{Af\ Bf,}

S Tr{Af} _
ofy (x)5f2(y)

oA

= A(y, x)B(x, y).
(A3)

Now suppose that Alx,y) =A(x —y),B(x,y) = B(x — y),
i.e. that A, B are translationally invariant operators. Then
introducing the Fourier transformations of their matrix
elements, i.e.,

A(p) = f d*zA(z)e'r?,
P (A4)
Alz) = '/(27T)2A(p)e*tpz’

etc.,

where z = x — y, it is possible to obtain from the above
formulas

TrA = A(O)fdzx = [(;‘FTP)ZA(p)[dzx. (A5)

If there is an operator function F' (A), where A is a transla-
tionally invariant operator, then in the coordinate represen-
tation its matrix elements depend on the difference (x — y).
Obviously, it is possible to define the Fourier transforma-
tions F(A)(p) of its matrix elements, and the following
relations are valid (A(p) is the Fourier transformation for
the matrix element A(x — y)):

(A2)

F(A)(p) = F(A(p));

rd) = [0 raen [
r = | —= .

f @mp Y f !
Finally, suppose that A is an operator in some internal
n-dimensional vector space, in addition. Evidently, the
same is valid for the Fourier transformation A(p) which
is now some n X n matrix. Let A;(p) be eigenvalues of the
n X n matrix A(p), where i = 1,2, ..., n. Then

2
Tr F(A) = j (ZT’;Z wF(A(p) / P

n d2
-3 f S PO j Px.

In this formula we use the notation “tr”” for the trace of any
operator in the internal n-dimensional vector space only,
whereas the symbol “Tr” means the trace of an operator
both in the coordinate and internal spaces.

(A7)

APPENDIX B. QUARK PROPAGATOR

It is clear from (12) that the quark propagator S is the
following 2 X 2 matrix in the two-dimensional flavor

space:
SOE(S“’ 512>=(D+y
Sor, Sm Dy,

where (the summation over @ = 0, 1 is implied)

D12

-1
o) @D
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— _ 0 2
D.=iy*d, =M+ (n £ )y’ (B2) D. — d’p e PO (py + uw — E7)yOA
Dy, = Dy = —iy’A. B (2m)*
+(po+ pu+ EF)y'AL
The connection between §;; and D;; is the following: 5
- d'p -
(D) 1= | —e7irlt—y)
- 2m)?
Sy =[Ds+ — D;,DZ'Dy 17, Sy = —DZ'Dy Sy, % { Ay° A_»° } (B4)
Sy =[D_ — Dy DI'Dp,] 7", S12 = —=D{'D1pSy. potp—ET potptE)
(B3) where E*=E+w, E=,p}+M, A.=1x
. ' . ' (1= W), and y, = —y'.” Using the relations
It is easy to establish the following relations: (B3), it is possible to obtain from (B2) and (B4):
p potu+tE < potm—E" T
S = / e"”("_y){ — YA + Y°A }
! Q2m)? (po + ) — (E})? (po + ) — (Ex)? " 7
Szzzf @p e—ip<x—y>{ PotmHET oy Pt E y()]\+}
(2m) (po + w)* = (E})? (po + > — (Ey)? ®5)
2 S5 A 5 A
Sip = —ilA ‘ pz eiip(ry){ ! ?+ 2 . ?_ ¥ 2}’
(2m) (o + w)* = (Ey)" (po + p)* — (E})
2 S5 A 5 A
Sy = —iA/ dp eii”("’w{ y A v A }
Q2m)? (po + p)* = (EX)*  (po + p)* — (E})?
where A, = 1= M) and py in the integrand is a Pou = Ex — 1, poa = EX — 1,
shorthand notation for p, + ie - sign(p,), where € — 0. (B6)

This prescription for the quantity p, correctly implements
the role of the quantities p and wu; as the chemical poten-
tials and preserves the causality of the theory [34]. It is
worth also to note the following useful relations:

YAy =A, YA = Ao

The poles of the matrix elements (B5) of the quark propa-
gator in the energy-momentum space give the dispersion
lows for quasiparticles, i.e., the momentum dependence of
the quark (pg,, pos) and antiquark (poz, p,;) energies, in a
medium

poi = —(E} + w), Poa = —(Ey + ).

Strictly speaking, the quantities p,, pos from (B6) are the
energies necessary for the creation of quarks with momen-
tum p,, whereas pg;, py; is the energy necessary for the
annihilation of antiquarks.

"In (1 + 1)-dimensions the gamma matrices have the form:

o_(0 1 L_ (0 -1 s_(L 0
Y , o) 7 , o) 7 0 —1)
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