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Using the Cornwall-Jackiw-Tomboulis effective action I'(S) for composite operators (S is the full
fermion propagator), the phase structure of the massless (2 4 1)-dimensional Thirring model with four-
component spinors is investigated in the Hartree-Fock (HF) approximation. In this case both T'(S) and its
stationary (or HF) equation for the full fermion propagator § are calculated in the first order of the bare
coupling constant G. We have shown that there exists a well-defined dependence of G = G(A) on the
cutoff parameter A under which the HF equation is renormalized. In general, it has two sets, (i) and (ii), of
solutions for the fermion propagator corresponding to dynamical appearance of different mass terms in the
model. In the case of set (i) the mass terms are Hermitian, but the solutions from the set (ii) correspond to a
dynamical generation of the non-Hermitian mass terms, i.e., to a spontaneous non-Hermiticity of the
Thirring model. Despite this, the mass spectrum of the quasiparticle excitations of all non-Hermitian
ground states is real. In addition, among these non-Hermitian phases there are both P7 symmetrical and
nonsymmetrical phases. Moreover, in contrast with previous investigations of this effect in other models,
we have observed the spontaneous non-Hermiticity phenomenon also in the massive (2 + 1)-dimensional

Thirring model.

DOI: 10.1103/PhysRevD.106.125010

I. INTRODUCTION

For a long time, it was believed that to describe
quantum systems it is necessary to use theories with
Hermitian Hamiltonians (or Lagrangians), since in this
case the energy spectrum is real. However, in recent
decades it has become clear that there are situations,
especially in open physical systems interacting with the
environment, that can be effectively considered in terms of
non-Hermitian Hamiltonians. In particular, non-Hermitian
methods are used to describe processes in atomic,
molecular and optical physics, mesoscopic and nuclear
physics, to describe the properties of quark-gluon plasma
and systems with dissipation, etc. (For a more detailed
description of the scientific areas in which non-Hermitian
approaches are used, see, for example, the recent papers
[1,2].) Moreover, it was argued that if non-Hermitian
theories additionally have the spacetime reflection
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symmetry P7, then its energy spectrum is real [3.4],
i.e., the Hermiticity of the Hamiltonian is only a sufficient,
but far from necessary, condition for the reality of the
energy spectrum of the system. This assertion is con-
firmed in quantum mechanics and in scalar field theories,
in which the non-Hermiticity together with the P7
symmetry leads to a real mass spectrum [5,6].

In fact, non-Hermitian methods can also be used in the
study of various fermionic systems, e.g., in condensed matter
physics, as well as when considering the quark-gluon plasma
when it is in the steady-stable thermodynamically non-
equilibrium regime in heavy-ion collisions, etc. In these
cases there are more opportunities for obtaining a real mass
spectrum of quasiparticles. On the one hand, indeed, as the
considerations of some (1 4 1)- and (3 + 1)-dimensional
(D) and non-Hermitian field theory models with four-
fermion interaction show, the P7 symmetry together with
non-Hermiticity leads to a real spectrum of particle masses
[7-9]. On the other hand, in the same paper [9] other non-
Hermitian and anti-P7 -symmetric extensions of the four-
fermion models are also presented, in which, nevertheless, a
real spectrum of fermion masses is also generated, i.e., in fact
P7 symmetry of the model is not a necessary, but rather
sufficient, condition for real fermion masses to exist. Thus,
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the relationship between the phenomena of non-Hermiticity,
‘PT symmetry and the reality of the energy spectrum in any
quantum system remains a far from solved problem and
deserves further study. Moreover, one more feature of the
non-Hermiticity phenomenon should be noted, which was
observed recently just within the framework of the (3 + 1)-D
Nambu-Jona-Lasinio (NJL) [10-12] and (2 + 1)-D Gross-
Neveu (GN) [13] models with four-fermion interactions.
Namely, in these massless models the non-Hermiticity can
arise spontaneously [14,15]. (Quite recently, it was noted in
Ref. [16] that, perhaps, the phenomenon of spontaneous
non-Hermiticity occurs also in some models of Yukawa
type.) It means that (i) initial Lagrangians of the massless
NJL and GN models are taken to be Hermitian and P7
symmetric, (i) but, as it was proved in Refs. [14,15], there
exist non-Hermitian ground states of these systems. In other
words, elementary excitations (with real masses) over these
ground states possess a non-Hermitian dynamics that can be
described effectively in terms of non-Hermitian Lagrangians,
in which non-Hermiticity arises spontaneously either due to
Yukawa-type terms (as in the NJL. model [14]) or due to non-
Hermitian mass terms of the Fermi fields [as in the case of
the (2 + 1)-D GN model [15]]. It is also interesting to note
that if the initial Hermitian Lagrangian contains a nonzero
bare mass term, then the phenomenon of spontaneous non-
Hermiticity is absent in the above-mentioned NJL and GN
models.

In the present paper, we continue to study the features of
the phenomenon of spontaneous non-Hermiticity, but this
time in the framework of the (2 + 1)-D Thirring model in
which fermions are four-component spinors. We show that,
in contrast to the results obtained in Refs. [14,15], in the
(2 + 1)-D Thirring model a more rich set of non-Hermitian
phases can be generated spontaneously, both in the mass-
less and massive variants of the model.

In this connection, it is necessary to note that over the
past few decades much attention has been paid to the
investigation of (2 + 1)-D field-theory models, which can
be used to predict and study the condensed matter physics
phenomena of planar nature such as quantum Hall effect,
high-temperature superconductivity, low-energy graphene
physics, etc. To a fairly large extent, these phenomena
are usually considered in the framework of models with a
four-fermion interaction. Among them is the Gross-Neveu
model [17-26], the Thirring model [27-39], etc. One of the
reasons is that in the above-mentioned (2 + 1)-D models
the spontaneous symmetry breaking occurs dynamically,
i.e., nonperturbatively and without taking into account
additional scalar Higgs bosons. Moreover, despite the
perturbative nonrenormalizability of these models, in the
framework of nonperturbative approaches such as the large-
N technique, etc., they are renormalizable [26,28]. Just
using the 1/N approach, spontaneous symmetry breaking
and the associated effect of dynamical generation of the
fermion mass were investigated in these (2 + 1)-D models

with four-fermion interaction. It should also be noted that
other nonperturbative approaches, such as the optimized
expansion technique [40], Gaussian variational methods
[30,41], etc., predict qualitatively the same properties of the
above-mentioned (2 + 1)-D models as the 1/N expansion.

However, in the recent papers [38,39,42], the so-called
Hartree-Fock (HF) approach was used in order to inves-
tigate the possibility of dynamical fermion mass generation
in three-dimensional GN and Thirring models." The
essence of the HF method consists, first, in the using of
the Cornwall-Jackiw-Tomboulis (CJT) effective action for
composite operators I'(S) [46] in field theory models (here
S is the full fermion propagator satisfying the stationary
equation 8I'/8S = 0), and, second, that T'(S) is considered
in the first order in the coupling constant. As a result, in the
framework of the models with four-fermion interaction, the
stationary equation takes the form of the well-known
Hartree-Fock equation for fermion mass operator [7,12];
wherein, it turned out that in the region of large N the HF
method predicts qualitatively the same properties of the
(2 + 1)-D GN and Thirring models as the leading order of
the nonperturbative 1/N-expansion method, widely used to
study these models. But in the region of small N, where
leading order of the 1/N approach is not applicable, the HF
method predicts the existence of other nontrivial phases of
the three-dimensional GN and Thirring models. In addition,
the use of this research method made it possible to detect
spontaneous non-Hermiticity in the (2 4+ 1)-D GN model
[15]. Here we go further and study in the framework of the
HF approach to the (2 + 1)-D Thirring model the possibil-
ity of its spontaneous non-Hermiticity. Namely, we show
that there can exist a non-Hermitian ground state of the
model whose quasiparticle excitations have a real mass
spectrum.

The paper is organized as follows. Section II A presents
the N-flavor massless (2 4 1)-dimensional Thirring model
constructed from four-component spinors. Here its invari-
ance with respect to continuous U(2N) transformations as
well as under two spatial P, and two time 7; reflections
(k, I =1, 2) is established. The question of how different
fermion-antifermion structures (possible massive terms of
the model Lagrangian) are transformed under the influence
of different P, 7, is clarified in it. In Sec. II B the CJT
effective action T'(S) of the composite bilocal and bifer-
mion operator ¥(x)¥(y) is considered up to a first order
in the bare coupling constant G (it is the so-called

"It is also worth mentioning that the possibility of the dynamical
appearance of the fermion mass in some non-Hermitian quantum
field theory models has been investigated in Refs. [2,43-45].
Namely, in the first of these papers, the problem is considered
within the framework of the 1/N expansion in the (3 + 1)-D NJL
model (with a complex coupling constant), while in the remaining
papers, for this purpose, the approach of the Dyson-Schwinger
equation was used in non-Hermitian Yukawa-type models with an
additional four-fermion interaction term.
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Hartree-Fock approximation), which is actually the func-
tional of the full fermionic propagator S(x,y). In real
situations, the propagator is a translation invariant solution
of the corresponding stationary HF equation of the obtained
CIT effective action. In Sec. III we show that for a some
well-defined behavior of the coupling constant G(A) vs A,
there exists a set of different renormalized, i.e., without
ultraviolet divergences, solutions of the HF equation for the
propagator. Each of them corresponds to some phase in
which a Hermitian fermion mass term arises dynamically.
Section IV proves that HF equation has, in addition, a set of
so-called non-Hermitian solutions. Each of them corre-
sponds to a phase in which a non-Hermitian fermion mass
term arises dynamically, and the massless Thirring model
spontaneously becomes non-Hermitian. In this case, how-
ever, the mass spectrum of quasiparticle excitations of each
of the ground states of these (non-Hermitian) phases is real.
Finally, in Sec. V we show that the spontaneous non-
Hermiticity of the (2 4 1)-D Thirring model can appear not
only in the chiral limit, but also in the case when there is a
nonzero (Hermitian) bare Haldane mass term.

II. (2+1)-DIMENSIONAL THIRRING MODEL
AND HARTREE-FOCK APPROACH

A. Massless model, its symmetries, etc

The Lagrangian of the massless and N-flavored
(2+ 1)-D Thirring model under consideration has the
following form (see, e.g., in [31,33]):

L =W¥;y"i0,¥; — % (Yir¥o) (Yir, V). (1)
where for each k = 1, ..., N the field ¥, = ¥, (z,x,y) is a
(reducible) four-component Dirac spinor [its spinor indices
are omitted in Eq. (1)], y¥ (v =0, 1, 2) are 4 x 4 matrices
acting in this four-dimensional spinor space (the algebra
of these y matrices and their particular representation used

|

U(1),5: Wy = exp(iy’a)¥y;
U(1),: Wy — exp(iy’a) ¥y

In addition, the Thirring Lagrangian (1) is also invariant
under several discrete transformations such as space parity
P, time reversal 7 and P7, whose action on four-
component Fermi fields W, (z, x, y) in (2 + 1)-D spacetime
should now be considered.

In (24 1) dimensions the space reflection, or parity,

transformation P is defined by (t,x,y)z(t, —x,y).?

n 24 1) spacetime dimensions, parity corresponds to
inverting only one spatial axis [17,47], since the inversion of
both axes is equivalent to rotating the entire space by z angle.

¥, — P exp(iy’a),
¥, - P exp(iy’a),

in the present paper is given in Appendix A, where the
matrices y°, y> and = —iy’y> are also introduced), and the
summation over repeated flavor k, / and Lorentz u, v
indices is assumed in Eq. (1) and below. The bare coupling
constant G has a dimension of [mass]|~!.

The set of all four-component spinor fields YW,
(k =1, ..., N)can be considered as a fundamental multiplet
of the U(N) flavor group, so the invariance of the
Lagrangian (1) with respect to this group is obvious.
However, it is not so obvious that in fact the continuous
symmetry group of the (2 + 1)-D Thirring model (1) is
wider and is U(2N). This is easy to establish if we rewrite
the expression (1) in terms of two-component spinors.
Namely, for each fixed k=1,...,N let us introduce
the following structure of a four-component spinor,
YT = (y? _, w2, where the symbol T denotes the trans-
position operation, and y,;_; and y,; are two-component
spinors. Then we have

Lo =" i0, ¥ = 97 io,w + Wafiows + - -
+ ¢,2N77D iayWZN’
W'y = 7w + Wi wa + -+ Wan P wan,

(2)

where 7¥ are 2 x 2 matrices (see Appendix A). Assuming
formally that the set of all two-component spinors y;_;
and yy; (k=1,...,N) is transformed by a fundamental
representation of the U(2N) group, it is easy to see that
both the structures (2) and the entire Lagrangian (1) are
invariant under this group. Notice that sometimes the
continuous U(2N) is called chiral symmetry group of
the Thirring Lagrangian (1) [35]. The reason is that the
U(2N) group contains two chiral subgroups, U(1),s and
U(1),s, such that

(3)

|

To find the transformation of a four-component spinor
field Wi(x) (k=1,...,N) under P, we postulate that
the Lagrangian Ly = W, (x)D¥,(x) of the free massless
spinor fields W¥,, where D = iy%9, + iy'0, + iy*0s,
remains intact under space reflection P. Hence [below,
for the sake of brevity we denote by x and x’ the set of
coordinates (¢, x,y) and (¢, —x, y), respectively; moreover,
to simplify the formulas, almost everywhere in this section
we omit the flavor index k of the spinor fields, the
summation over which, however, is implied in all bifermion
structures],
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Lo = PLyP~! = WP () D'WP (). (4)
and
D =PDP ! = iy%, — iy'0, + iy*d,,  WP(X)=PY(x)Pl,  YP(xX)=P¥x)PL (5)

It follows from Eqs. (4) and (5) that L, is invariant under the action of parity operation only when P is equal to one of the Ps
or P; transformations, where

Ps: W(x) = PsY(x)P5' =WPs(x) = 7' W(x);  W(x) = PsP(0)P5! = WP (x) = ¥ (o),
Py: W(x) = P3P()P; = WP () = /Py W(x): W(x) - PP)P; =P () = Px)ry'. (6)

Moreover, it is easy to conclude that the Lagrangian (1) as a whole is also invariant under the action of each of the
transformations P; and Ps. In addition, using Eq. (6) one can find how some Hermitian bispinors are transformed under the
action of Ps,

PP ) D P)P0); PSP (x) 2 — ()i W (x),

_ P _ _ P _
P (x)r¥(x) —> — P(x)7¥(x); P (x)iy ¥ (x) — P(x)iy P (x). (7)
But the transformations of these bispinor combinations under the action of P look like

POW) D POW0); Pt P(x) 25 ()it P(x),

P()P(x) 2 B(0)P(x); Pt W(x) 2 — P(x)it P (x). (8)

Now, let us consider the time reversal 7 in the framework of the (2 4 1)-D Thirring model (1). In the (2 + 1)-dimensional

spacetime it is defined as (¢, x, y) N (—t,x,y). To determine how a four-component spinor field ¥ is transformed under
this operation in this case, we also assume from the very beginning (as in the case of spatial reflection P) that the Lagrangian
L of free massless fermion fields ¥ remains invariant with respect to 7, i.e., Ly, = 7 L,7 !, where [now, for the sake of
brevity we denote in this case by x and x’ the set of coordinates (z,x,y) and (-1, x,y), respectively]

TL T ' = W(x’)D"PT(x’), YT (x) =TY(x)T", YT (x)=TP(x)T", 9)

and in this case D' = 7 D7 . In the following, it is very important to take into account that time-reversal operation 7
(i) changes the sign of the time coordinate,  — —¢, and (ii) it is an antilinear or antiunitary one, which means that its action
on any complex number or matrix C transforms it into the complex conjugate C*, i.e., 7C7 ~' = C* (for details, see, e.g.,
Refs. [4,48,49]). Taking into account these (i) and (ii) properties of the 7 transformation, we have

D/ = i}/O*aO - i]/l*al - iy2*02 = i}/oao + i}’lal - i}’zaz. (10)

In the last equality we have used the relations y* = y°, y'* = —y! and y*>* = y? (see Appendix A). Now, it is rather evident
from Egs. (9) and (10) that L, is invariant under the action of time-reversal 7 operation only when it is equal to one of the
T s or 75 transformations, where

Ts: W(x) - T¥W)T5 =) = F772%(0; () = T5P(0 75 =¥ (x) = Py,
T3 W(x) - TPW)T5 =9 () = P29 B) = T80 75 =¥ (v) = B()riy>, (11)

Using Eq. (11), it is easy to verify that not only L, but also the Lagrangian (1) are invariant under both 75 and 75
transformations. Thus, there are two different time-inversion transformations 75 and 73, under which the massless
(2 + 1)-D Thirring model is invariant. It is easy to obtain the following transformations of the above-mentioned Hermitian
bispinors under 7 s:
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B(x) W(x) > PP (x);

P()ir P (x) 2 — B(x)iy ()

But under 75 they are transformed as
- T, -
P (x)¥(x) — P(x)P(x);

W) i W (x) —> W(x) i P (x);

Since the Thirring Lagrangian (1) is invariant with respect
to each of the transformations Ps, Pz, 75 and 7 3, there
exist four P7 transformations under which the model (1) is
also invariant. They are P57 s, Ps7 3, P37 5 and P37 5.
Using the relations (7), (8) and (12), (13), one can easily
find the transformations of the above-mentioned Hermitian
bispinors under these P;7; (k, [ =3, 5) transformations
(see first four rows in Table I). In addition, the same Table I
shows the action of all discrete P;7; operators on some
anti-Hermitian bispinors (under the action of the Hermitian
conjugation, they change their sign to the opposite).

Due to the symmetry of the model (1) with respect to the
above-mentioned continuous and discrete transformations,
different mass terms are prohibited to appear in this
Lagrangian perturbatively. Indeed, the most popular mass
term has the form m ¥, ¥, (for it we use the notation Dirac
mass term), but it breaks, as it follows from Eq. (3), both
U(1),s and U(1), chiral symmetries of the model,
although this mass term is P; and 7; (k, [ = 3, 5) even.
There is another well-known expression for fermion mass
that is often discussed in the literature. This is a mass term
of the form myW¥,7¥, (recall, here the 4 x 4 matrix 7 is
defined in Appendix A) and sometimes it is referred to as
the Haldane mass term (see, e.g., Ref. [23]).3 But the
nonzero Haldane mass term is not invariant under the parity
‘Ps, although it is invariant under chiral symmetries (3) and
P5. There exist two other, chiral, mass terms, im;¥, ¥,
and ims¥,y°¥,, the dynamical generation of which we are
also going to study here. The first one breaks U(1),
symmetry [but it is invariant under U(1),s and Ps], whereas
the second mass term is not invariant under U(1),s and Ps
transformations [but it is U(1),: and P3 symmetrical]. So
the Dirac mp, Haldane my and ms, ms masses can not
appear perturbatively in the chirally U(1),s, U(1),s, parity
‘Ps, Ps, etc. invariant massless Lagrangian (1).

Nevertheless, as can be seen from the analysis of the
phase structure of the model (1) carried out within the HF
approach (see in the text below), all of the above-mentioned

The appearance of the Haldane mass term is related to the
parity anomaly in (2 + 1) dimensions, to generation of the Chern-
Simons topological mass of gauge fields [50,51], as well as to the
integer quantum Hall effect in planar condensed matter systems
without external magnetic field, etc. [52].

B(x) i W (x) —> = B(x)ir (0);

P(x)rW(x) 2 — ()W (). (12)

P(2)ir W(x) 2> P(x)ir W(x);

W)W (x) 2 — ()W (). (13)

|

masses may be dynamically, i.e., nonperturbatively,
induced in the (2 + 1)-D Thirring model. This means that
there exists such a behavior of the bare coupling constant
G = G(A) vs the cutoff regularization parameter A that a
phase with one or another finite nonzero fermion mass can
be dynamically generated in the model.

B. Hartree-Fock approach
Let us define Z(K), the generating functional of the
Green’s functions of bilocal fermion-antifermion
composite operators » ¢, W¢(x)¥;4(y) in the framework
of a (24 1)-D Thirring model (1) (the corresponding
technique for theories with four-fermion interaction is
elaborated in detail, e.g., in Ref. [53]):

Z(K) = exp(iNW(K)) = / DY, DY, exp (i[](‘i’, ¥)

v [ exeyuwrlecr0)]). 09

where a, f =1, 2, 3, 4 are spinor indices, Kg(x, y) is a
bilocal source of the fermion bilinear composite field

W (x)®Pip(y) (recall that in all expressions the summation

over repeated indices is assumed)." Moreover, I (P,9) =
f Ld?x, where L is the Lagrangian (1) of the (2 + 1)-
dimensional Thirring model under consideration. Hence,

10%,%) = / Pxdy (0Dl ey W () + Lo (B2, ).
Dh(x,y) = (y*)hid, 8 (x - y),

G — _
I =~755 Px(Pr"Py) (Prr, )
_ _E/ Bxdtdud o3 (x — 1)5 (1 — u)
2N

x & (u - U)q’z(x)(Yﬂ)glpkﬂ(f)q’f(”)(Vﬂ)ﬁ‘yzg(v)-
(15)

R *We denote a matrix element of an arbitrary matrix (operator)
A acting in the four-dimensional spinor space by the symbol A%,
where the upper (low) index a(f) is the column (row) number of
the matrix A. In particular, the matrix elements of any y* matrix is
denoted by ()5.
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Note that in Eq. (15) and similar expressions below, 5*(x — y) denotes the three-dimensional Dirac delta function. There is an

alternative expression for Z(K) = exp(iNW(K)),

ool
exp@m(
<

exp| il (

exp(iINW(K

where instead of each bilinear form W¢(s)W,() appearing
in I, of Eq. (15) we use a variational derivative
—ié/éKf,(s,t). Moreover, the Tr operation in Eq. (16)
means the trace both over spacetime and spinor coordi-
nates. The effective action (or CJT effective action) of the
composite bilocal and bispinor operator ¢ (x)¥;4(y) is
defined as a functional I'(S) of the full fermion propagator
S5(x,y) by a Legendre transformation of the functional

W(K) entering in Egs. (14) and (16),

I(s) = W(K) - / Prdyss(x, KAy, x),  (17)

SW(K)
SKh(y.x)

Sa(x.y) = (18)

Taking into account the relation (14), it is clear that at
K(x,y) = 0 the quantity S(x, y) is the full fermion propa-
gator of the Thirring model (1). Hence, in order to construct
the CJT effective action I'(S) of Eq. (17), it is necessary
to solve Eq. (18) with respect to K and then to use the
obtained expression for K (it is a functional of §) in
Eq. (17). It follows from the definitions (17) and (18) that

ST(S) SW(K) oKy(u,v) p. .
553(x. ) = [ g s )~ KO
— udvS* (v, u oKL (u. v)
/d3 BoSy (v, )5S“(x,y) (19)

[In Eq. (19) and below, the Greek letters a, p, u, v, etc., also
denote the spinor indices, i.e., «, =1,...,4.] Now,
due to the relation (18), it is easy to see that the ﬁrst term in
Eq. (19) cancels there the last term, so

ST(S)

——_— _Ki(y.x).
553 (x.y) Ka(y,x) (20)

Hence, in the true Thirring model (1), in which bilocal

sources Kg(y, x) are zero, the full fermion propagator is a
solution of the following stationary equation:

%)) [ PBote(i [ dmwiney « Kenmo)
)) [det(D(x,y) + K(x.y))]V

o) ) SXPINTHIND(5.3) + K (x3)) (16)

ST(S)

5S3(ry) 1)

Note that in the nonperturbative CJT approach the
stationary/gap equation (21) for fermion propagator
Sh(x,y) is indeed a Schwinger-Dyson equation [53].
Further, in order to simplify the calculations and obtain
specific information about the phase structure of the model,
we calculate the effective action (17) up to a first order in
the coupling G.

In the literature, such an approach to effective action
['(S) of any model, including field theories with four-
fermion interaction, is usually called the Hartree-Fock (HF)
approximation [38,39,46] (a more detailed justification for
this name is given at the end of this section).

In the first order in coupling constant G, we have (detailed
calculations are given in Appendix B of the paper [39])

[(S) = —iTr In(-iS~!) + / d3xd3yS;§(x,y)Dg,(y,x)

—g/d3xtr[ypS(X,x)]tr[l’ps(xvx)]

LG
2N

dxtely?S(x,x)y,S(x. x)]. (22)
Notice that in Eq. (22) the symbol tr means the trace of an
operator over spinor indices only, but Tr is the trace both
over spacetime coordinates and spinor indices. Moreover,
there the operator D(x,y) is introduced in Eq. (15). The
stationary, or Schwinger-Dyson, Eq. (21) for the CIT
effective action (22) looks like

~G( )y, S8 (- )
+ S i (- 3).
23)

—i[Sa(x,y) - Di(x,y) =

Now suppose that S(x,y) is a translationary invariant
operator. Then
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&Pp = »
(2r)3 S’;(p)e e,

/ BzSl(2)er,

Sg(x,y) = S/;(Z) = /

So(p) =

d3p

(SYory) = (S)(e) = / (p)emire. (24)

where z = x —y and S_g( p) is a Fourier transformation of
sh (z). After Fourier transformation, Eq. (23) takes the form
3

[

["S(q)r, )

ﬂ trly,S(q)]

a

—i(S™a(p) — (p)e = =G(r")

G

x|
where p = p,y*. It is clear from Eq. (25) that in the
framework of the four-fermion model (1) the Schwinger-
Dyson equation for fermion propagator S(p) reads in the
first order in G like the Hartree-Fock equation for its self-
energy operator X(p) (the last quantity is nothing but the
expression on the left side of this equation). In particular, the
first term on the right-hand side of Eq. (25) is the so-called
Hartree contribution, whereas the last term there is the Fock
contribution to the fermion self-energy (for details, see, e.g.,
Sec. 4.3.1 in Ref. [12] or Sec. II C in Ref. [7]). Also for this
reason, the stationary equation (25) will be called the HF

equation.
( ) s (

where [ is a unit 2 x 2 matrix, while p = p, 7" is also a 2

d*q
(27)?

(25)

det(p)

—i

~ det(p)

5() )l

b(p)1,

b(p)I
a(p)!

(= my)* = p?]p.

Finally note that both the CJT (or HF) effective action
(22) and its stationary HF equations (23)—(25), in which G
is a bare coupling constant, contain ultraviolet (UV)
divergences and need to be renormalized. In the next
sections, using a rather general ansatz for fermion propa-
gator S(p), we find the corresponding mode of the coupling
constant G behavior vs cutoff parameter A, such that there
occurs a renormalization of the gap HF equation (25), and it
is possible to obtain its finite solution in the limit A — oo.

III. POSSIBILITY FOR DYNAMICAL
GENERATION OF HERMITIAN MASS TERMS

In the present section, we study in the HF approximation
the possibility of the dynamic appearance of the Hermitian
mass term M in the model (1). It has the form

My =V (myt+mp + imsy® + im3py*) ¥ (26)
It means that we should find such a solution S(p) of the
stationary HF equation (25) that

SN (p) = i(p + myt + mp + imsy® + imsy?),  (27)
where mp, my, msy and ms are finite unknown real
quantities. Using any program of analytical calculations,
it is easy to obtain the propagator S(p) which is indeed a
matrix inverse to the 4 x 4 matrix (27),

2my(ms + im3)p )
~[(Z=my)* - p?]

x 2 matrix (the corresponding 7 matrices are defined in

(28)

2my(ms — im3)p, p

Appendix A), and p? = p} — p? — p3. Moreover, we use in Eq. (28) the following notations:

a(p) D(22 - m%l -
a(p)

det(p) = (p* = (my + 2)*)(p* — (my — T)?).

=m
=m

[Notice that det(p) is indeed a determinant of the 4 x 4
matrix (27).] We would like to emphasize that the first term
on the right-hand side of the equality (28) is an even
function vs each momentum p*. In contrast, the second
term there is an odd function with respect to each
momentum p*. Therefore, after integration over the
momenta, it will not contribute at all to the right side of

p?) —my(Z? —m3 + p?);
p(Z* —my — p*) + my(E* — mf + p?),

T =\/m} +m3 + mi.

= (ms + im3)(X? = mj; — p?).
=(=ms + im3)(£* = my; = p?),

b(p)
b(p)

(29)

|

the HF equation (25) [however, its contribution to the
expression (22) for the CJT effective action in the HF
approximation is nonzero]. Taking into account this
circumstance, after substituting the (27)—(29) expressions
into the HF equation (25), we obtain for the quantities mp,
my, my and ms the following unrenormalized system of
gap equations:
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3iG [ d&°p { X+ my

X —my
"N (27)° pz_(2+mH)2_p2_(z_mH)2}’
iy — 31GmD/ d3p{ X+ my N X —my }
2N X ) @2rP \p* = E+my)? pP=(E-my)?)
3iGms [ d&p Z+ my T —my
" TN 2/(2”)3 {PZ—(E+mH)2+P2—(Z—mH)2}’

3iGm3/ &*p X+ my " X —my
my = —-—<= .
PN T ) QP P-4 my) pP - (T - my)?

Note that three-dimensional integrals in Eq. (30) are UV divergent and must be regularized. Performing in these integrals a
Wick rotation, p, — ip3, and then using in the obtained three-dimensional Euclidean integration space the spherical
coordinate system, p3 = pcosd, p; = psinfcos¢p, p, = psinfsingy, we have (after integration over angles,
0<60<70<¢ <2x and cutting off the region of integration of the variable p, 0 < p < A) the following regularized
gap system:

(30)

3G /\pzdp{ 4+ my
My = ——

> mpyg
2N Jo 27° \p*+(E+my) pP+(E-my))’
3Gmyp [Ap’dp S+ my
Mp =587 2 {2 7T
2N X Jo 27° |p*+ (24 mpy)
3Gms [Ap3dp 4 my
ms =S5 2 2 7T
2N 2 Jo 27° |p*+ (Z2+my)

m:E@/Apzdp Shmy
STANE Jo 222 \ PP+ (S4 my)?

where A is a cutoff parameter. Since

2 mpg }
PP+ E=-my)?)’

> mpy }
pr+(E-my)?)

2 —my
p*+ (Z—mlﬁz}’
(31)

A p2 T M
| ar=a-Smimo(F). 32)

the system of gap regularized equations (31) can be reduced to the following form:

m T m
T = 2mpy A = S+ my) [+ my| = (= my) [£ = my ||+ myO (5L

)

)
%), (33)

’“7 - 2mDA—§? [(Z+ mp)[Z+ my| + (£~ my)|E — my] + mpO

s
X—2m3A—§E[(Z+mH)|Z+mH|+(Z my)|Z — mH|+m30(

>\§>]§/‘\

m m
2= 2msh = 22 (S my)[E 4 myg| + (= )| = my] + msO

zms
2 %

where A = where g is a finite A-independent and renormalization

Eq. (33), we suppose that the bare quantity A =A(A)
has the following asymptotic behavior at A — oo:

ﬁ:ZA—}—%g-ﬁ-g(’)(%), (34)

group invariant parameter with dimension of [mass]. It is
clear from Eq. (34) that at sufficiently high values of A

27N 7°Ng

=GN =35

(35)
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In this case, at A — oo the system of stationary HF
equations (33) takes the following renormalized form:

gmy + (Z+my)|Z+my| = (Z—my)|Z—my| =0,

{1 )2+ (2= )= ] =0

g+ -4 m =yl + (2= m) = | =0

ms{ ot G4 m = myl + (2= ma)[= = | =0
30

In the most general case, the system of gap HF equa-
tions (36) has several solutions. To determine which of
them is the most preferable, it is necessary to attract the so-
called CJT effective potential V(S) (in statistical physics,
this quantity is called free energy), which is constructed on
the basis of the CJT effective action by the following
relation [46]:

V(S)/d’;x = _F(S)‘transl—inVS(x,y)' (37)

To find CJT effective potential V(S) in the Hartree-Fock
approximation, we should use in Eq. (37) the expressions
(22) and (28) for CIJT effective action I'(S) and for the
full fermion propagator S(x,y), respectively. But in this
case the obtained expression for V(S) contains UV diver-
gences. However, they are eliminated if bare coupling G is
constrained by the relation (35). As a result, in the HF
approach we have for the CJT effective potential V(S) =
V(mgy, mp, msy, ms) the following renormalized expression
(more detailed calculations are presented in Appendix B):

V(mH7 mp, ms, mS) = V(mH7 2)

1
= 12n (392% + 3gmy; + 2|Z+ myl* +2|Z = my*), (38)

where £ = |/m3% + m3 + m? > 0, and g is some finite and

renormalization group invariant quantity defined by
Eq. (34) [notice that the expression (38) is valid up to
unessential mass-independent infinite constant]. Note in
addition that the gap equations (36) are also the stationary
equations for the CJT effective potential (38). The global
minimum point (GMP) of the function V(my, mp, ms, ms)
determines the values of fermion masses my, mp, ms, ms
which are generated dynamically in the massless Thirring
model when coupling constant G is constrained by the
condition (35).

Let us consider the GMP of the function V(my, X) (38)
and its behavior vs g. First, note that this function is
symmetric under the transformation my — —mpy. So, for
simplicity, it is sufficient to look for its GMP only in the

region X, my > 0. Second, it is evident that at g > O the
GMP of V(my, X) lies at the point (my = 0, X = 0), which
means that no fermion mass terms are generated in this
region, and all model symmetries discussed in Sec. II A
remain intact.

In contrast, if g < O then effective potential (38) as a
function of £ and my has two GMPs that are degenerate.
One of them has the form (my = —g/2,% = 0), another
looks like (my = 0,% = —g/2). The value of the function
V(my,X) at these points is the same and equal to
ﬁ g < 0. The first GMP corresponds to the fact that only
the Haldane mass term dynamically arises in the model (the
other masses are equal to zero), and a phase occurs in
which, e.g., parity Ps is spontaneously broken down,
although continuous U(2N) chiral symmetry, including
U(1),s and U(1),s chiral subgroups (3), remains intact. In
addition to these, there are other discrete symmetries of the
model that are also spontaneously broken in this phase, or
remain unbroken (for details, see Sec. Il A). In the second
GMP of the function (38) only the zero value of the
Haldane mass term is fixed unambiguously, while the
values of other masses mp,, m3, ms, which arise dynami-
cally, are constrained by the condition

2 =m} 4+ m2+m3 = g*/4. (39)

Note that in each of the phases with my = 0 and other
masses satisfying the condition (39), at least one of the
chiral symmetries (3) is spontaneously broken. So, each
phase from this variety is qualitatively different from the
phase with my = —g/2 and m;, = ms = mz = 0 in which
chiral symmetries are not broken. However, it should be
noted that there is much in common between all these
dynamically arising at g < O phases. Namely, the free
energy density of their ground states is the same and is
equal to @g‘%, i.e., they are degenerate and can appear
spontaneously in the massless (2 + 1)-D Thirring model (1)
on the same footing. As a result, in the space, filled with
one of these degenerated phases, bubbles of the other
phases can be created, i.e., one can observe in space the
mixture (or coexistence) of these phases. The mass M of
the simplest quasiparticle excitations of their ground states,
i.e., the pole of the fermion propagator (28), is also the
same and My = |g|/2, etc.

In this regard, we would like to note that the HF
approach has recently been used to study the generalized
(2 + 1)-D Thirring model containing both vector-vector
and scalar-scalar interaction channels [39]. In this work, the
possibility of dynamical generation of the Hermitian mass
term of the form (26) was studied, but only with nonzero
Dirac and Haldane mass terms. The results of this study,
reduced to the case of the true Thirring model, turned out to
be qualitatively the same as in the present investigation,
which uses a more general mass term (26) with four
different mass parameters. It means that in order to obtain
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the properties of the Hermitian ground state of the true
(2 + 1)-D Thirring model, it is sufficient to use an ansatz
(26) only with mp and my masses. However (as it will be
shown in the next section), in order to detect the phe-
nomenon of spontaneous non-Hermiticity of the Thirring
model, it is necessary to involve additional mass terms.
Finally, let us look at the phase structure of the model
from the renormalization group point of view. For this
we introduce dimensionless bare coupling constant 1=

A(A) = AG(A). This quantity is associated with the so-

called Callan-Symanzik function (1) = A%, Using the

A
oA
relation (34), one can get

BA) = 2 (o - 1), (40)

where 1, = ZNT”Z is the nontrivial zero of the function (1).

The behavior of this function in the neighborhood of A,
indicates that 4 is an UV-stable point of the model. This
means that in the continuous limit (that is, at A — c0) A(A)
tends to the UV-stable point 4y. [This feature of the
dimensionless coupling constant A(A) can also be seen
directly from Eq. (35).] Then, it is well known that for
values of 4 > 4, a phase with broken symmetry is usually
located, and for 4 < 4y a phase with unbroken symmetry
occurs. These most general properties of the UV-stable
point of any model are confirmed by the above calculations
made in the framework of the massless (2 + 1)-D Thirring
model. Indeed, it is easy to see from the relation (35) that

3
N
x—zoz-f%Ag+.~. (41)

Therefore, if g > 0, then, as it follows from Eq. (41), we
have A < 4y. But when g > 0, as is clear from the previous
discussion, the original symmetry of the model remains
intact, i.e., the symmetrical phase of the model is located at
A < 4p. But when g < 0, any of the fermionic mass terms
(mp,my,...) can dynamically appear, and hence the
spontaneous breaking of the original symmetry is realized.
In this case, as can be seen from Eq. (41), we have 4 > 4.

Two conclusions follow from this. (i) Within the HF
approach to the (2 4 1)-D massless Thirring model built
from reducible four-component spinors, fermion mass
generation is possible for any finite value of N. (ii) It is
obvious that 4, — oo when N — o0. Hence, in this case (at
N — o), for any finite values of 4 it is impossible to detect
in the model (since 4 < 4y = o) the dynamical generation
of different mass terms within the leading order of the 1/N
approximation. The similar property has been predicted in
some papers earlier, e.g., in Refs. [29,30].

IV. DYNAMICAL GENERATION OF THE
NON-HERMITIAN MASS TERM

In the present section, we study in the HF approximation
the possibility of the existence of such a solution S(p) of
the HF equation (25), which would correspond to dynami-
cal generation in the model of a non-Hermitian mass term
My of a rather general form,

Myy = ‘i"k(mHT +n-mp+9- im57/5 + K- im373)lpk,
(42)

where each of the multipliers 7, 9, k is either 1 or i and all
mass parameters mg, mp, ms, my are real quantities. Note
that the Haldane contribution to Myy, i.e., the term
my¥t¥,, is a Hermitian,” but the contributions from
other mass terms, Dirac or chiral ones, to the expression
(42) are not necessarily Hermitian. However, if all factors
n, 9, k in Eq. (42) are equal to 1, then My as a whole
becomes Hermitian [see Eq. (26)], and its generation
within the framework of the HF approach was considered
in Sec. III. Therefore, here we assume that in Eq. (42) at
least one of the factors 7, 9, k is equal to i. In this case we
must look for the solution S(p) of the gap HF equation (25)
such that

F(P) =i(p+myr+n-mp+39-imsy’ + k- imzy?).
(43)

As for S(p) itself, in this case, one can use for it the
expressions (28) and (29) in which it is necessary to
perform replacements

mp — nmp, msy — Kms, ms = 9ms,  (44)
and, as a consequence, to use there instead of X the
expression 3. ie.,

S~ 5= \/itm + 92ml + 2. (45)

Since we are looking for non-Hermitian phases with a real
spectrum of its quasiparticles [note, the energy spectrum of
quasiparticles is defined by the singularity of the fermion
propagator S(p)], it must be supposed that 7, 9, k and
mp, ms, my are such that

n*m3 + 9°m2 + k*m3 > 0. (46)

The non-Hermiticity of the Haldane mass term means that my
is not real. But in this case, as it is clear from Eq. (29), the
spectrum of quasiparticles becomes complex, and the ground
state of the system becomes unstable. So, throughout a paper we
do not consider such a possibility.
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Performing in Eq. (30) the same changes as in (44) and
(45), it is easy to obtain the unrenormalized HF equations
for my, mp, ms and m5 in the case of non-Hermitian mass
term (42). The UV divergences of these equations can be
removed by the same behavior of the coupling constant G
vs A as in Egs. (34) or (35). Hence, in the non-Hermitian
case the renormalized HF equations for mass parameters
my,mp, ... look like Eq. (36), in which X should be
replaced by ¥ according to Eq. (45). Of course, these
equations are the stationary (or gap) equations of the HF
effective potential Vyy(my, mp, ms,m3) in the non-
Hermitian case. It can be obtained on the basis of a
general expression (37) in the same way as the HF effective
potential (38) in the Hermitian case (see Appendix B) and
has the form

VNH(mH» i)

(3957 + 3gm; + 2|E + my P + 212 — my[*). (47)

VNH(mHv mp, ms, m3) =

T 12x

where ¥ = \/nzsz +9?m? + k*m3 > 0 and g is defined
in Eq. (34). The GMP of this function over the variables
my, mp, ms and ms defines the massive components of the
non-Hermitian mass term (42) that can appear dynamically
in the model and, as a result, the properties of the

corresponding non-Hermitian ground state of the model.

A. The case g > 0: Gapless spontaneous
non-Hermiticity of the (2 + 1)-dimensional
Thirring model

In this case the effective potential (47), considered as a
function of my and X, has a trivial GMP of the form
(my =0, = 0). However, we must look at Vyy (my, 3),

2m3, + 92m? + k*m3, as a composite func-

where ¥ = \/n

tion of mp, m3, ms variables, constrained by the relation
n*mp + 9°m2 +k*>m3 > 0. It is evident that in the
Hermitian case, ie., when n =9 =k =1, there is no
dynamical mass generation in the model, since the GMP
of its effective potential (47) looks like my = mp =
ms = m3 = 0, where we have Vyy(0,0,0,0) = 0. There
are no other points (mg, mp, ms, ms), different from this
trivial point, at which this relation would hold.

In contrast, if one or two of the factors 5, 9, k are equal to
i, then in the four-dimensional (mg,mp,ms, m3) space
there are nontrivial two-dimensional manifolds, on which
the effective potential Vg (47) vanishes, i.e., reaches its
lowest value. Namely, in this case for each fixed set 7, ...
the corresponding two-dimensional manifold is defined by
two equations, my = 0 and $ = 0. Each nontrivial point of
this manifold is also a GMP of the effective potential (47)
which defines the dynamically generated non-Hermitian
mass term of the model.

For example, if # = 9 = 1,k = i and g > 0, then a non-
Hermitian mass term W (mp + imsy> — m3y®)¥, with

TABLE I.  Behavior of various Hermitian (from rows 1 through
4) and anti-Hermitian (from rows 5 through 8) bispinor structures
under different P, 7, transformations (k, [ = 3, 5). Here “Even”
means that a bispinor remains intact, “Odd”—that a bispinor
changes sign to the opposite under the action of P, 7.

Bispinors\transformations ~ Ps7s PsT3; P3Ts P37,
P (x)¥(x) Even Even Even  Even
P (x)iy P (x) Even  0Odd Odd  Even
P (x)iy> P (x) Odd  Even Even  Odd
P (x)7¥(x) Even Even Odd  0Odd
iP(x)¥P(x) Odd 0dd Odd 0dd
P(x)y P (x) Odd Even Even  Odd
P (x)y> P (x) Evenn Odd Odd  Even
P (x)iz¥(x) 0Odd Odd  Even  Even

my = 0 can be generated, in which nonzero masses satisfy
the relation £ = 0, i.e., m3 + m% = m%. This mass term
corresponds to the GMP of the effective potential (47)
where it is equal to zero. It is clear from Table I that in
the phase with such a mass term the discrete P57 5 and
P37 ; symmetries remain intact, but other P,7, sym-
metries are spontaneously broken. Moreover, it follows
from Eq. (43) that the corresponding fermion propagator
S(p) looks like

S(p) = —i(p + mp + iy’ ms — y’m3)/ p*. (48)

The relation (48) means that quasiparticle excitations of
this phase are massless and, hence, their energy spectrum
has zero excitation energy (or zero gap). In the literature,
a phase in which quasiparticles are gapless is usually
called gapless (for example, there are gapless color
superconductivity [54] and gapless charged pion con-
densation [55], etc.). By analogy, this non-Hermitian
phase of the (2 4 1)-D Thirring model can also be called
gapless.

In addition to the above phase, at g > 0 five other non-
Hermitian gapless phases (corresponding to other 7, 9,
sets) may appear spontaneously in the model. They are
characterized by dynamical appearance of one of the
following non-Hermitian mass terms (with myg = 0):

2

1) lPk(’/nD msi/S + im3]/3)q"k where mZD -+ m% = ms,

it) Wi(imp + imsy® + im3y )P, where m2 + m3 = m3,,

(

(ii

(iil) Wi (imp — msy’> + im3y®)¥,  where m3, + m% = m3,
(iv) ¥

(

2

iv) Wi (imp + imsy> — m3y®)¥,  where m3, + m} = m2,

—msy’ —m3y®)¥,  where m2 + m3 = mj,.

(49)

v) ¥y (mp

With respect to the transformations P57 5 and P37 5 the
mass term (i) is even, while (iv) is odd. The mass term
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(iii) is P57 s and P37 5 odd, whereas the mass terms (ii)
and (v) are neither symmetric nor antisymmetric under
any of the P, T, discrete transformations (see Table I). Note
that all of these six gapless non-Hermitian phases are
degenerated, since the energy density of the ground state in
each of these phases is the same and equals zero. Moreover,
at g > 0 the Hermitian symmetric phase, in which all
masses mp, mg, ... are equal to zero (see Sec. III), also has
a zero free energy density and, as a result, can appear in the
system on an equal footing with all of these gapless non-
Hermitian phases.

i) Wi(myz + mp + imsy’ — myy®)¥, with  m? + m? = m2,

H) lilk(’nHT +mp — ms}’s + l-mg,]/?’)lpk with sz + m% = ms,

iv) W (myt + imp + imsy> — m3y®)W,  with  m3, + m} = m2,

(
(
(i) Wi (myt + imp — msy® + imay®) ¥y with  m3, +m2 = m3,
(
(v) Wi (mpz + imp + imsy® + im3p®)¥,  with  m2 + m} = m3,
(

B. The case g < 0

Just as discussed in Sec. III, in this case the HF effective
potential (47) as a function of m; and X has two degenerated
GMPs, (my =—g/2,£=0) and (my =0,% = —g/2).
Excluding again from a consideration the possibility of
dynamical generation of the Hermitian mass term, i.e., the
case when n =9 =x =1, we see that the first GMP
corresponds to the possibility of spontaneous generation
in the Thirring model of six different non-Hermitian phases
corresponding to the following dynamically generated non-
Hermitian mass terms:

2
2
2
2

2

vi) Wi(myt + mp — msy> —myy?)¥,  with  m2 4+ m3 = m3, (50)

where my = —g/2 and £ = 0. Each of the non-Hermitian
mass terms (i)—(vi) of Eq. (50) is assigned to a well-defined
set of parameters 7, d, k. For example, the mass term
(i) corresponds to 7 = & = 1,k = i, the mass term (ii) cor-
responds to 7 =k = 1,9 = i, etc. It follows from Table I
that the mass term (i) of Eq. (50) and the corresponding
non-Hermitian phase are Ps7 5 invariant. Moreover, the
phase with mass term (ii) is P57 ; symmetric. It is
|

[

interesting to note that the mass terms (iii) and (iv) are,
respectively, P37 3 and P37 5 odd, but the rest mass terms,
(v) and (vi), have no P,7; parity.

The second GMP of the HF effective potential
Vyu(my,Z) @7), ie., the point (my =0,% = —g/2),
corresponds to the other six non-Hermitian phases of the
model with the following dynamically generated non-
Hermitian mass terms:

i) Wi(mp + imsy> —msp®)¥,  with  md + m? —m3 = ¢*/4,

]1) lPk(n’lD - msys + im3y3)‘1—’k with sz —+ m% — m% — 92/4’

iit) Wi(imp + imsy® + im3y>)¥,  with  m2 +m3 — m} = ¢*/4,

v) Li'k(imD + imsy’ — m3y3)‘I‘k with mg —mp —m5 = /4,

vi) Wi(mp — msy® —m3y® )W, with  m3 —m? —m3 = ¢/4.

In Eq. (51), the non-Hermitian phase corresponding to the
mass term (i) is symmetric under P57 5 and P57 3, whereas
the phase with dynamically arising mass term (ii) is
invariant under P57 ; and P37 5 transformations. In con-
trast, in any of the non-Hermitian phases with one of the
(iii)—(vi) mass terms, all discrete symmetries discussed in
Sec. IT A are spontaneously broken. However, it is worth
clarifying that the mass term (iv) is P57 5 and P37 3 odd,
while the mass term (v) is P57 3 and P37 5 odd.

It is easy to see that at g < 0 the fermion propagator S(p)
of Eq. (43) in each of the non-Hermitian phases,

(
(
(
(iv) Yi(imp — msy® + imsy®)¥,  with  m2 —m% —m? = ¢*/4,
(
(

2 2 2
2 2 _
2 2 (51)
|
corresponding to (non-Hermitian) mass terms of

Egs. (50) and (51), describes the quasiparticles with the
same real mass M = |g|/2. [Note that it is also the same as
the mass of quasiparticle excitations of all Hermitian phases
which can dynamically arise at g <0 (see Sec. III).]
Moreover, all non-Hermitian and Hermitian phases, which
appear dynamically in the (24 1)-D Thirring model at
g < 0, are degenerated since the density of their ground
state energies is the same and equals ¢°/(487).

Recall that in the recent papers [14,15] it has been
proven that spontaneous (and spatially homogeneous)
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non-Hermiticity found in some massless models with four-
fermion interactions disappears if a nonzero bare
(Hermitian) fermion mass is introduced into the model.
In contrast, in the next section we show that the effect of
spontaneous non-Hermiticity, observed in the massless
(2 + 1)-D Thirring model, can also occur in the massive
variant of the model.

V. SPONTANEOUS NON-HERMITICITY IN THE
MASSIVE THIRRING MODEL

A. The case of nonzero bare Haldane mass

First of all, we investigate the question of the possibility
of spontaneous non-Hermiticity in the framework of the
massive (2 + 1)-D Thirring model with a nonzero bare
Haldane mass mgy. In this case the Lagrangian of the
model looks like

L =Y [y"i0, + tmoy] ¥, Y (P, Yr).  (52)

2N (
This Lagrangian is invariant under continuous chiral trans-
formations (3), discrete space parity P; and two P7T
transformations, Ps7 s and P57 ; (see Table I). Other
discrete symmetries of the massless Thirring model (1),
which have been considered in Sec. I A, are violated
explicitly by the Haldane mass term. However, the con-
tinuous U(2N) symmetry inherent in the model (1) is also
characteristic of Lagrangian (52). To begin with, we are
going to study the possibility of dynamical appearance of
different Hermitian mass terms, mp, m3 and ms (in addition
to Haldane mass mp), in the framework of the HF approach
to this massive model.

1. Dynamical generation of Hermitian mass terms

The consideration is again performed on the basis of
the CJT effective action (22) and its stationary HF
equation (23), in which this time D(x,y) = [y*id, +
tmoy)8° (x = y), i.e., D(p) = p + tmgy. Fourier transfor-
mation of the gap HF equation (23) reads as

3
~iSTRp) = (e (6o =G s [ 5l )

3
5 | Gl Stan (53)

We are looking for the solution S(p) of the gap HF
equation (53) in the form presented by Egs. (28) and
(29), i.e.,

S~Up) =i(p +mp+myr+iy’ms + iy’ms), (54)

where mp, my, ms and ms are real quantities [it corre-
sponds to dynamical appearance of the Hermitian mass
term (26) in the model (52)]. Using this ansatz in Eq. (53),

one can obtain for mp, my, m; and ms the unrenormalized
system of gap equations in which all equations look the
same as in the system (30), except for the first one, which
has the form

+3iG/ d*p X+ my
myg = m -
H=T0H 9N ) 223\ p* = (E+ mp)?

== My } (55)

- p* = (E—mpy)?

To renormalize the obtained system of gap equations,
we require (i) that the bare coupling constant G has the
same dependence (35) on the cutoff parameter A as in
the massless case. (ii) Moreover, we need at A — oo the
fulfillment of the following relation:

Mgy 3, (u
_OH _ 4 P Lad
G ang M O(A)’ (56)

where, in addition to g, ¢ is another finite and renormal-
ization group invariant free model parameter. Like g, it has
the dimension of [mass]. For definiteness, in the following
consideration we select the “plus” sign in Eq. (56). In this
case, just under the above (i) and (ii) constraints on G and
moy, the renormalized HF system of gap equations for m,
my, my and ms can be obtained at A — oo,

gmy+ (Z+mp)|Z+my|— (Z—my)|E—my|=p?,

g G142+ + (2= ) 2= gl 0.

s g G =4y + (2= 2= ]} =0,

s 0 G104 -4+ (2= ) 2= ]} =0
(57)

In general, the stationary HF system of equations (57) has
several solutions. The most preferred of them is the one that
minimizes the value of the CJT effective potential V(S)
defined in Eq. (37). In the HF approach to the massive
Thirring model (52), it looks like

1
_ —612 2 2
—1271_( 6p*my +39%* 4+ 3gmy,

+2/Z+myP +2[Z-my*).  (58)

V(S)=VE" (my,X)

where X = \/m3, + m} + m? and subscript H means that

effective potential V'i5* corresponds to a model (52) with
bare Haldane mass. [The expression (58) is obtained in
Appendix B 2.]

Suppose that g > 0. In this case both terms in curly
braces of the system (57) are positive, so its solution is such
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that mp = my = ms = 0, i.e., with £ = 0. Then a remain-
ing mass, mg, obeys the equation

gmy + 2my|my| = p?. (59)

Hence, at g > 0 the HF system of equations (57) has a
single solution with mp = my = ms = 0. Moreover, its
Haldane mass component looks like

my = (mu)o = (V& +82 =g) /4. (60)

But in the case g <0, depending on the relationship
between g and y, the stationary HF system of equations (57)
has several solutions. The most preferred of them is the one
that minimizes the value of the CJT effective potential (58).
Investigating this function with the help of any program
of analytical calculations, it can be shown that in the GMP
of the effective potential (58) we have again mp = m; =
ms = 0 and my = (my), [the last quantity is also defined
by Eq. (60)].

As a result, we see that no other Hermitian mass terms
are dynamically generated in the model (52) in addition to
Haldane mass. The Hermitian ground state of this massive
Thirring model has the same symmetry as the initial bare
Lagrangian (52), and the mass of its quasiparticle excita-
tions, i.e., the pole of the propagator S(p) (54), equals
(mp), (60).

2. Spontaneous non-Hermiticity

Let us now consider the possibility of a situation when a
non-Hermitian ground state can be realized in a perfectly
Hermitian massive model (52). In this case, the dynamics of
quasiparticle excitations of such a ground state is effec-
tively described by non-Hermitian Lagrangian. Within the
framework of the HF approach to the model (52), it is
possible to find a dynamically generated non-Hermitian
mass term My of this effective Lagrangian. It looks like
an expression (42), in which at least one of the factors #, 9,
k 18 necessarily equal to 7, and the others are units. To find
My, we should look for a solution of the HF equation (53)
in the form (43). Further, assuming the same asymptotic
expansions (35) and (64), respectively, for the bare model
parameters G and mgy, we can obtain a renormalized
system of HF equations for the parameters my, mp, m; and
ms appearing in the non-Hermitian mass term (42). It has
the same form as the system of HF equations (57), in which
it is necessary to substitute ¥ instead of X (recall,

= \/ n*m3, + 9°m2 + k*m3). Similarly, one can obtain
the effective potential in the HF approximation which

describes the non-Hermitian ground state of the massive
(2 + 1)-D Thirring model (52). It looks like

1 -
Viin (. mp,ms, ms) = —— (—6u’my + 3g%* 4 3gm3,

+ 2|i + mH|3 + 2|i - mH|3).
(61)

Just its GMPs provide information both about the
symmetry properties of the non-Hermitian ground state
of the model and about the mass spectrum of its
quasiparticles.

Effective potential (61) as a function of my and X has a
GMP of the form (my = (my),, = = 0) [see the discussion
on effective potential properties (58) in Sec. VA 1). As a
result, we see that, in addition to the trivial case with n =
9 = k = 1 (it corresponds to a dynamical generation of the
Hermitian mass term considered in Sec. VA 1), there are
six different sets #, 9, x, and for each one the effective
potential (61), as a function of my, mp, ms and ms, reaches
its smallest value (the same one) at each point of a two-
dimensional manifold of the form my = (my),, = =
\/ n*m3, 4+ 9°m2 + k>m3 = 0. Each point of this manifold
corresponds to the non-Hermitian ground state of the
system described effectively by a Lagrangian with non-
Hermitian mass term of the form (42). At an arbitrary sign
of g, all possible non-Hermitian mass terms dynamically
generated in this case in the model are listed in Eq. (50) in
which my = (my), of Eq. (60). They appear in the model
spontaneously, and the corresponding non-Hermitian
phases are degenerated since their ground state energy is
the same. In addition, all these non-Hermitian phases are
degenerated with a Hermitian phase corresponding to
the case n =9 =« =1, where mp = m3 = ms =0 and
mpg = (mH)O (60)

B. The case of nonzero bare Dirac mass

Let us explore another limiting variant of the massive
(24 1)-D Thirring model, when Lagrangian (1) is
extended by the Hermitian bare Dirac mass term of the
form mp, ¥, ¥,. In this case, the massive Thirring model is
invariant under all discrete transformations considered in
Sec. II A. However, the continuous chiral symmetries (3)
of the massless model are violated explicitly by the bare
Dirac mass term. As a result, in this case the U(2N)
symmetry of the massless model (1) is reduced to U(N).
Here, we are going to study in the framework of the HF
approach to this massive model the possibility of dynami-
cal generation of both Hermitian and non-Hermitian mass
terms in it.

Again, our consideration is performed on the basis of
the CJT effective action (22) and its stationary HF
equation (23), in which this time D(x,y) = [y*id, +
mop)8*(x — y), i.e., D(p) = p + mgp. Fourier transforma-
tion of this gap HF equation (23) reads as
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i(SE(p) = (DY + mopd — Gy / %qun

3
+3 | oSk (62)

(1) First, we consider the possibility that the solution
S(p) of the gap HF equation (62) corresponds to a
Hermitian ground state of the model. In this case, it
has the form presented by Eqs. (28) and (29) with
real mp, my, my and ms masses and corresponds to
Hermitian mass term (26) which can be generated
dynamically. Using this ansatz in Eq. (62), one can
obtain for mp, my, msy and ms the unrenormalized
system of gap equations in which all equations look
the same as in the system (30), except this time for
the second one, which has the form

+3iGmD/ d*p X+ my
mp=m —
PTTON 2 ) Qe = (2 + my)?
Z—mH }
4+ > (63)
p* = (Z=my)?

To renormalize this system of equations, we again
require (i) that the bare coupling constant G has
the same dependence (35) on the cutoff parameter A
as in the massless case. (ii) Moreover, we need at
A — oo the fulfillment of the following relation:

2
mop _ iSL—I—,uZO(%), (64)
T

where, in addition to ¢, u is another finite and
renormalization group invariant free model param-
eter. Like g, it has the dimension of [mass]. For
definiteness, we will further consider the situation
when the expression (64) contains a “plus” sign.
Then, taking into account (i) and (ii) constraints on
bare parameters, the renormalized HF system of gap
equations for mp, my, ms and ms can be obtained at
A — oo in the Hermitian case,

gmy + (Z+ my)|Z+my| = (= my)|Z - my| =0,

oo+ S+ m)[= g+ (2= )2 = ) =

msq g+

ms g+

M= M= M~

{
{

where £ = /m} + m}+ m2. We should find such a

solution of the gap system (65) that minimizes the CJT
effective potential V(S) (37) calculated in the HF approxi-
mation,

V(S) = VI3 (mp, my,X) (=6p*mp + 3gZ? + 3gm3,

T 127
2+ myl +2|Z—my ).
(66)

[The expression (66) is obtained in Appendix B 2.]
Since in the present consideration we deal with nonzero
values of the mass parameter g, it is clear from the second
of equations (65) that for both signs of g the expression in
curly braces must be nonzero. So it follows from the last
two equations of this system that m; =ms =0, i.e.,
% = |mp]|. The GMP of the function (66) must satisfy this
condition. With this in mind, it is much more convenient to
study the effective potential (66) with the help of any

(S + ma)[S 4 my| + <z—mH>|z—mHu} —0,

(S + ma)[E 4 mu| + <z—mH>|z—mHu} ~o, (65)

program of analytical calculations. As a result, one can see
that at the GMP of the function V5* we have my = m; =
ms =0 and mp = (mp), = (\/¢* + 8u> — g)/4. It means
that the Hermitian ground state of this kind of the massive
Thirring model has the same symmetry as the initial
Lagrangian with nonzero bare Dirac mass. The mass of
its quasiparticle excitations, i.e., the pole of the propagator
S(p), equals (mp)o.

(i) Now, let us study the possibility that the solution
S(p) of the gap HF equation (62) corresponds to a
non-Hermitian ground state spontaneously arising in
the massive Thirring model with nonzero bare Dirac
mass term. To this end, we are looking for the
solution S(p) in such a form that

F(P) =i(p+myt+mp+9-imsy’ +x-imsy®),
(67)

where each of the values 9, « is either 1 or i and all
mass parameters mpg, mp, ms, nmy are real quantities.
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In this case the solution S(p) of the HF equation (62)
corresponds to a dynamical generation of the fol-
lowing mass term:

MNH = lpk(l’}'l}.ﬂ: +mp + & im575 + kK- im3y3)qjkv
(68)

which becomes non-Hermitian (at mj3s # 0) if at
least one of the factors 9, « is equal to i. [Therefore,
we assume that the Dirac and Haldane masses
remain Hermitian, and the non-Hermiticity of the
ground state arises spontaneously from the non-
Hermitian chiral mj s-mass terms. A more detailed
discussion of why the Haldane and Dirac mass terms
in Eq. (67) are selected to be Hermitian is presented
at the end of the section.] Substituting expression
(67) into HF equation (62) and postulating there
the same behaviors of the bare coupling constant G
and the bare Dirac mass mygp, which are given in
formulas (35) and (64), respectively, one can obtain
for mp, my, my and ms a renormalized HF system of
equations of the form (65), in which the following
substitutions must be made, ms — kmsz, ms — Ims
and X - £ =
looking for non-Hermitian phases with a real spec-
trum of its quasiparticles, it must be supposed that 9,
k and mp,ms,msy are such that m} + 9°mi+
x?m?% > 0. Moreover, performing the same replace-
ments in Eq. (66), we obtain HF effective potential
V(S) of the massive Thirring model with nonzero

bare Dirac mass m;, when fermion propagator S(p)
looks like Eq. (67), i.e.,

\/m,% + 9%°m3 + xk*m3. Since we are

V(S) = Vyip(mp, my, i)

= 12x (—6u*mp + 3g%* + 3gm3; + 2|E + my?

+2|E = my?). (69)

Now we are ready to conclude that the non-
Hermitian mass term of the form (68) cannot be
generated dynamically in the massive Thirring
model under consideration. The first reason for this
is the fact that for any allowable values of 9, k (recall
that 9 =1 or i and x = 1 or i), the corresponding
system of HF equations has only solutions with
my = ms = 0 [see also the discussion after Eq. (66)
in the Hermitian case], and, as a consequence, the
non-Hermiticity in the mass term (68) disappears.
Second, it is also interesting to note that in all cases
when we try to find a non-Hermitian solution of the
form (67) of the HF equation (62), the corresponding
effective potential (69) becomes unbounded from
below as soon as 9 # 1 and/or k # 1. To confirm this

fact, consider for simplicity the case 9,k = i. As a
result, the quantity £ in Eq. (69) takes the form ¥ =

\/m%, —m% — m%. Then, supposing that in Eq. (69)

my = const, £ =0, i.e., mj = m3+ mi, we see

that in the limit m, — oo the effective potential
V¥&p tends to —oo, i.e., it is an unbounded from
below function. Hence the non-Hermitian stable
ground state which is characterized by non-Hermitian
mass term (68) cannot be generated spontaneously in
the (2 4 1)-D massive Thirring model with nonzero
bare Dirac mass mygp.

In this subsection, we have excluded from consideration
the possibility of the dynamical appearance of the non-
Hermitian Dirac and Haldane mass terms in the model [see
Eq. (68)]. The reason for Dirac mass m, is that, as it is easy
to see from Eq. (69), the effective potential becomes
a complex-valued quantity when mp is not real, and
hence the ground state of the system is unstable. As regards
the exclusion from consideration of the non-Hermitian
Haldane mass term, in this case the spectrum of quasipar-
ticles, i.e., the pole of the fermionic propagator S(p),
becomes explicitly complex valued, and the theory
becomes unstable (see also the remark made in footnote 5
at the beginning of Sec. IV).

The main result of this section is the following. Until
now, the phenomenon of spontaneous non-Hermiticity has
been established only in the frameworks of some massless
quantum field theory models with four-fermion interaction
[14,15]. Here, based on the HF approach, we present
arguments in favor of the fact that not only in the massless
but also in the massive (2 + 1)-D Thirring model (with
nonzero bare Haldane mass) a non-Hermitian ground state
can arise.

VI. SUMMARY AND CONCLUSIONS

In the present paper we have studied the possibility of
the dynamical appearance of both Hermitian and non-
Hermitian mass terms in the originally Hermitian (2 + 1)-
dimensional Thirring model. The last possibility means that
non-Hermiticity can appear spontaneously in the model.

First of all, we consider dynamical symmetry breaking
and fermion mass generation in the massless version (1) of
the Thirring model. As it is shown in Sec. Il A, in this case
the model is invariant under transformations from U(2N)
group, which contains two continuous chiral subgroups,
U(1),s and U(1), (3). Moreover, it is also symmetric with
respect to several discrete transformations, two space
reflections (or parity), P; and Ps, and two time reversals,
T5 and 75. As a consequence, the massless (2 + 1)-D
Thirring model is invariant under four different discrete
PiT; (where k, [ = 3, 5) transformations (see Table I).

The problem of dynamical mass generation is inves-
tigated using a nonperturbative HF approach based on the
CJT effective action I'(S) (17) for the composite bifermion
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operator W, (x)¥,(y). In fact, I'(S) is a functional of a full
fermion propagator S(x,y) (see Sec. Il B). In this case, in
order to find the true fermion propagator of the initially
massless Thirring model and to determine what kind
of fermionic mass terms, Hermitian M (26) or non-
Hermitian My (42), can arise dynamically in the model,
it is sufficient to consider both the stationary equation (21)
and the CJT effective action (17) itself up to a first order in
the coupling constant G [see Egs. (25) and (22), respec-
tively]. This is the essence of the Hartree-Fock method,
which was used previously to prove the possibility of
spontaneous non-Hermiticity in the massless (2 + 1)-D GN
model [15].

Using the HF approach, we have shown that due to the
behavior (35) of the bare coupling constant G(A) vs cutoff
parameter A, the gap HF equation (25) can be renormal-
ized, 1.e., reduced to a form which does not contain bare
coupling G, but instead it depends only on the renormal-
ization group invariant and finite free model parameter ¢ [it
is introduced by Eq. (35)]. More significant is the fact that
this renormalized HF equation has two sets of solutions.
Conventionally, they can be called a set of (i) Hermitian and
(i1) non-Hermitian solutions.

At g < 0, each solution from the Hermitian set (i) cor-
responds to the dynamical appearance of one or another
Hermitian mass term M of the form (26) in the model. In
this case, a spontaneous violation of one or another,
discrete or continuous, symmetry of the model occurs,
and qualitatively different phases can arise spontaneously
in the massless (2 4 1)-D Thirring model. Quasiparticle
excitations of their ground states have the same mass My
equal to |g|/2, but the dynamics of these excitations is
described by Lagrangians with different Hermitian mass
terms (26). All these Hermitian phases of the model are
degenerated, because the free energy density of their
ground states is the same, and it is equal to - ¢’

In contrast, at g > 0 the set (i) consists of a single
solution with my = mp = my = ms = 0. In this case there
is no symmetry breaking in the model. Quasiparticle
excitations of its ground state are massless and their
dynamics is described by the initially Hermitian massless
Thirring Lagrangian (1).

Furthermore, we have shown that in the massless
(2 + 1)-D Thirring model, each solution S(p) of the HF
equation (25) from a non-Hermitian set (ii) corresponds to a
dynamical appearance of a non-Hermitian mass term My
of one of the forms (42), (49)—(51). As a result, in this
case both at ¢ < 0 and g > 0 the model can implement
such phases in which quasiparticle excitations of their
ground states have a real mass spectrum, but, however, the
dynamics of these excitations is described by Lagrangians
with non-Hermitian mass terms, i.e., spontaneous gener-
ation of non-Hermiticity occurs. All these non-Hermitian
phases of the massless (24 1)-D Thirring model are
qualitatively different in the sense that their ground states

differ significantly from each other in terms of their
symmetry properties. Indeed, several non-Hermitian phases
can be realized in the model, in which one or another P, 7,
(where k, [ = 3, 5) symmetry remains unbroken. However,
there are also such non-Hermitian phases in which all P, 7,
symmetries are spontaneously broken, etc. (for details,
see Sec. IV).

It is interesting to note that at each fixed value of g the
variety of all Hermitian and non-Hermitian phases is
degenerated, i.e., the ground states of all these phases have
the same free energy density, and the phases, both
Hermitian and non-Hermitiian, can appear spontaneously
in the massless (2 + 1)-D Thirring model (1) on the same
footing. It means that the genuine vacuum (or ground state)
of the (2 4 1)-D Thirring model is a mixed phase (or state).
It can be imagined as a space, filled with one of these
degenerated phases, in which bubbles of another, Hermitian
and/or non-Hermitian, phase can be created.

Finally, in Sec. V, we have shown that spatially homo-
geneous spontaneous non-Hermiticity can also be realized
in the massive (2 + 1)-D Thirring model, but only when the
bare Haldane mass term is nonzero. [In contrast, sponta-
neous non-Hermiticity was not found in the massive
(2 + 1)-D GN model [15] as well as in the massive NJL
model [14].] It turns out that in this case (and at arbitrary
signs of g) the true vacuum of the model is indeed the
mixed phase composed of a single Hermitian phase, in
which the dynamics of quasiparticles is described by a
Lagrangian with a Hermitian mass term of the form (26)
with mp = m3 = ms =0, my = (my), (60), and also of
some non-Hermitian phases. The latter are described by
Lagrangians with non-Hermitian mass terms (for details,
see the end of Sec. VA 2).

Notice that in the framework of the HF approach,
the effect of spontaneous non-Hermiticity of the model
under consideration can be detected only at finite N, i.e.,
outside the leading order of the large-N expansion
technique. Just the Fock term of the HF equation (25)
plays the basic role in its appearance both in the (2 4 1)-D
Thirring and GN [15] models. In addition, we are sure that
using the HF method it is possible to show that in the
generalized (2 + 1)-D Thirring model previously consid-
ered in [39], a non-Hermitian ground state can also arise
spontaneously.

We hope that the results of this article can be useful for
describing physical phenomena in condensed matter
systems having a planar crystal structure, or in thin films,
e.g., like graphene. In such situations, it often happens that
the elementary excitations of the system are massless.
As a result, at low energies and in the continuum limit,
their physical phenomena can be effectively described
by massless quantum field theory models with four-
fermion interactions of the type (1) [19,20,23]. Just in
these cases, the effect of spontaneous non-Hermiticity
could be manifested.

125010-17



GUBAEVA, KHUNJUA, KLIMENKO, and ZHOKHOV

PHYS. REV. D 106, 125010 (2022)

ACKNOWLEDGMENTS

R.N.Z. is grateful for support of the Foundation for the
Advancement of Theoretical Physics and Mathematics
BASIS.

APPENDIX A: ALGEBRA OF THE y MATRICES
IN THE CASE OF SO(2,1) GROUP

The two-dimensional irreducible representation of the
(2 4 1)-dimensional Lorentz group SO(2, 1) is realized by
the following 2 x 2 # matrices:

- (1 0) . (0 i>

= 0y = s =101 = s

R e o
0 1

~2 . —

(5 2).

acting on two-component Dirac spinors y/(x). They have
the properties

(A1)

TPP) =20 (] = 2

PP = e T+ g (A2)
where ¢ = g,, = diag(l.~1,~1).7, = ggp?”. "> = 1.
There is also the relation

Tr(p7'77) = —2ie"e. (A3)

Note that the definition of chiral symmetry is slightly
unusual in (2 4 1) dimensions [spin is here a pseudoscalar
rather than (axial) vector]. The formal reason is simply that
there exists no other 2 x 2 matrix anticommuting with the
Dirac matrices 7 which would allow the introduction of a
y> matrix in the irreducible representation. The important
concept of “chiral” symmetries and their breakdown by
mass terms can nevertheless be realized also in the
framework of (2 + 1)-dimensional quantum field theories
by considering a four-component reducible representation
for Dirac fields. In this case the Dirac spinors ¥(x) have the
following form:

with v, y, being two-component spinors. In the reducible
four-dimensional spinor representation one deals with
4 x 4 y matrices: y* = diag(7#, —7*), where 7 are given
in (Al). (This particular reducible representation for y
matrices is used, e.g., in Ref. [47].) One can easily show
that (u, v =0, 1, 2):

Tr(y'y") = 49"

o =

vt =o" 4 g

1
[ p) = diag(—iet g, —ie"7,). (AS)

In addition to the Dirac matrices y* (u = 0, 1, 2) there exist
two other matrices, y> and y°, which anticommute with all
y* (u =0, 1, 2) and with themselves:

0, 1 0, -I
3_ (7 7 — 0,123 i ’
4 (1’ O) v =717y ( )

I, O
I, O
T=—ip’y’ = (O _1)

with [ being the unit 2 x 2 matrix.

APPENDIX B: HF APPROACH TO THE CJT
EFFECTIVE POTENTIAL V(S)

1. The case of massless Thirring model

In this case we have D(x,y) = (y)4i0,5(x — y), so
D(p) = p=y"p,. It is clear from definition (37) that in
order to get an effective potential V(S) in the HF approxi-
mation, it is necessary to calculate the CJT effective action
(22) using there for the full fermion propagator S(x, y) the
expression presented by Fourier transformation S(p) [(27)
and (28)]. In addition, in this case the bare coupling G is
defined by its asymptotic behavior (35). As a result, the
CJT effective action T'(S) (22) looks like

0(S) =Ty + T, + 5+, (B1)
S %) B
I} = —iTrln(— _—z/d3 / Strln(=iS~'(p))
= —z/d3 / =InDet(p + mp + myz + imsy’ + imzy?), (B2)
L= [ @Sy &'x o) = [ @5 [ EL S
~ /d% / p* (22 + m, p) (B3)

2+mH) - ) (E—my)* = p?)’
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I, E—g/d%ctr[ypS(x, x)]trly,S(x, x)] = —g/d%/éﬂl; tr[y”S(p)] ﬂtr[ypg(q)],

d3
F4——/d3xtrypr x)7,S(x, x)] 2N/ /

Note that in Eq. (B2) we have used for S7'(p) the
expression (27), as well as a rather general relation
tr In A = In DetA. Moreover, in Eq. (B3) we took into
account that p is indeed a Fourier image of the operator

D(x,y). Using Eq. (28), it is possible to show that [see the
notations given in Eq. (29)]
wS(p)] = - (52 4 - ), (B6)
~det(p) "

i.e., it is an odd expression vs each momentum p”. As
a result, in Eq. (B4) each of the integrals on three-
dimensional momenta is zero, and the entire expression
I['5 is also zero. The determinant in Eq. (B2) can be easily
calculated, so we have

_"/"3 /(2

(X —my) —P)]

((Z+my)* - p?)
(B7)

Performing in the integrals of Eqs. (B3) and (B7) a Wick
rotation, py — ips3, and then using in the obtained three-
dimensional Euclidean integration space the spherical
coordinate system, p3 = pcos@, p; = psinf@cos ¢, p, =
psinfsing, we have (after integration over angles,
0<0<70<¢<2x and cutting off the region of
integration of the variable p, 0 < p < A) the following
asymptotic expansions for I'; and I', at large values of A:
|

3G
F4 —

—mg)(mp

(27)> (B4)
27,)3 twly”S(p)y,S(q)]. (B5)
[
—g|2—mH|3+...}’ (BS)
I = %/ Bx{—4NZ? + m?) + 7| + my
+ |l —myl?+--}, (B9)

where three dots mean the terms which disappear at
A — .

It is obvious that only the first term, even over each of the
momentum p¥, in expression (28) for the propagator S(p)
will contribute to I'4. Then, taking into account that y” =
diag(7”, —7”) (see in Appendix A), one can obtain from

Eq. (28)
/ & / / o ) )
a b(q

Ja(q) — b(p)_ ) = b(p)b(q) +a(p)alq)}-
(B10)

X{

Performing in the momentum integrals of Eq. (B10) a Wick
rotation into the Euclidean momentum space and making
there the same operations that we did with the analogous
situation in the expressions (B7) and (B3) for I'; and I';, we
obtain

2

47*°N

—my) + p*(mp + mH):| :

(2
o [ ran S e S e L

A (=2 - m%—])(mD + mpy) + p*(mp
" U PP S )

“ma:

2+ P )(E=my)® + p?)

A
+2(m3 + m3) U p*dp
0

Using in each square bracket of Eq. (B11) the following general asymptotic expansion formula (at A — o)

A + Bx? nB(n?

A
2d = BA
/0 O T ) +=

52— m o+ p? 2
(EFmalP T+ P(E = mnP +p2>} } (BL)
—-m’) +rxA(m—n) B(n*+m?)—A
S =) + A T (B12)

where m = |X + my| and n = |Z — my/|, as well as taking into account the expansion (35) for bare coupling constant G, we

have
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1
r,= BPx {ZA(22 + m?)
272

As a result, it follows from Egs. (BS8), (B9), and (B13) as well as from the relation I'3

—%zz +md) = x|+ my P = 7T = my | +

} (B13)

= ( that if fermion propagator S has

the form (28), then HF effective action I'(S) (22) in the limit A — oo looks like

1
[(S) =T+, +T3+ Ty = —127[/ Ex{39(Z* +m%) + 2|+ my* +2|= —my*},

and the corresponding effective potential V(S) takes a
form (38).

2. HF approach to V(S) in the case of nonzero
bare mass terms

The presence of nonzero bare Haldane mass.—In this
case, to find the effective potential V(S) in the HF
approximation [here and below the subscript H means
that the model contains a nonzero bare Haldane mass (52)],
we start from the expression (B1) for CJT effective action
['(S) in the massless case, in which for D(p) it is necessary
to use D(p) = p + tmoy (see Sec. V). Hence the CIT
effective action T'y(S) for the corresponding massive
Thirring model has the form

+mOH/d3 / S T,

where I'(S) is presented by Eq. (B14). Only the part of
expression (28) for S(p) that is even over each momentum
p¥ will give a nonzero contribution to Eq. (B15). So,
performing in this expression a Wick rotation and intro-
ducing a cutoff parameter A [for more details, see the text
after Eq. (30)], we have

Ty(S) = (B15)

I'y(S) = F(S)Jrz—z’f/d3
" 4p’my —4(Z* —m3)my
A PP T ma + P (E—ma) 4 7
(B16)

Now, applying the asymptotic expansion (B12) to the
integral over p in Eq. (B16), we obtain at A — oo

I(S)+ %/ d3x{4mHA + m%,@(%) }

(B17)

Ty($) =

It follows from asymptotic expansions (35) and (56) for
bare quantities G and my, respectively, that

e
4A+MO<A2> (B18)

Moy = +4°

(B14)

|

Hence, taking into account this relation in Eq. (B17), we
have at A — oo a finite and renormalization group invariant
expression for the CJT effective action I'y(S) in the HF
approximation,

T,(S) =T(S) LK / &x. (B19)

where I'(S) is the HF approximation (B14) of the CJT
effective action of the massless Thirring model. Using the
definition (37), it is possible to obtain from Eq. (B19) the
corresponding effective potential V* (58) of the massive
Thirring model (52) with nonzero bare Haldane mass term
[when the sign “plus” is selected in Egs. (B18) and (B19),
for definiteness].

The presence of nonzero bare Dirac mass.—In this case,
to find the effective potential V(S) in the HF approxi-
mation [here and below the subscript D means that the
model (1) is extended now by the bare Dirac mass term
mop?,¥,], we start from the expression (B1) for CIT
effective action I'(S) in the massless case, in which for
D(p) it is necessary to use D(p) = p + myp. Hence, the
CJT effective action I'p(S) has the form

+m0D/d.X/ S 1

where I['(S) is presented again by Eq. (B14). Only the part
of expression (28) for S(p) that is even over each
momentum p* will give a nonzero contribution to
Eq. (B20). So, performing in this expression a Wick
rotation and introducing a cutoff parameter A [for more
details, see the text after Eq. (30)], we have

S)+mOD/d3 /

4p’mp + 4(X? — m¥)mp
(Z+mp)*+p*)(Z=mpy)* + p?)

Tp(S) = (B20)

Ip(S) =

(B21)

Due to the asymptotic expansion (B12), we have from
Eq. (B21)
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27%

(B22)
Finally, we should take into account in Eq. (B22) the

asymptotic expansion

2 7 I
mop = £ R‘f‘ﬂo A2) (B23)
which follows from Egs. (35) and (64). As a result, at

A — oo we have from Eq. (B22) a finite and renormalization

group invariant expression for the CJT effective action
I'p(S) in the HF approximation,

2
T'p(S) = I(S) i"% / &,

(B24)
where I'(S) is the HF approximation (B14) to the CJT
effective action of the massless Thirring model. Using the
definition (37), it is possible to obtain from Eq. (B24) the
corresponding effective potential V5* (66) of the massive
Thirring model with nonzero bare Dirac mass term [when
the sign “plus” is selected in Eq. (B23), for definiteness].
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